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1. Introduction 

If iiT is a field, let K be an algebraic closure of K. If M is a free module of finite 
rank over a commutative ring R with unit, let M* := Homi^(M, i?) and let GLm be 
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the group scheme over R of hnear automorphisms of M. If *ji or * is either an object 
or a morphism of the category of Spec(i?)-schemes, let *ij be its pull back via an affine 
morphism m : Spec(t/) Spec(i?). If there exist several ways to take m, we mention the 
homomorphism R ^ U that defines m but often we do not add it to the notation *u. 

1.1. The conjecture. Let -E be a number field. We fix an embedding ie '■ E ^ To 
fix the ideas, we will take -E = Q to be the algebraic closures o{ E = iE{E) and Q in C. 
Let A be an abelian variety over E. For the simplicity of notations, let 

La :=i?i(^(C),Z) 

be the first homology group of the complex manifold ^(C) with coefficients in Z, let 

be the Hodge cocharacter, and let Ha be the Mumford-Tate group of Ac- We recall that 
if La'^zC = F~^'^ © _pO,-i -(jj^e classical Hodge decomposition, then P e Gm,c{^) acts 
through fiA trivially on F^'~^ and as the multiplication with on F~^'^. We also recall 
that Ha is a reductive group over Q and that Ha is the smallest subgroup of GLla^zQ 
with the property that fx a factors through Ha,Ci cf. [De3, Props. 3.4 and 3.6]. 

Let p G N be a prime. Let Tp[A) be the Tate-module of A. As a Zp-module (resp. as a 
Gal(-E')-module) we identify it canonically with La ®zZp (resp. }iomZp{H^^{A-^, Zp), Zp)). 
Let Gq^ be the identity component of the algebraic envelope of the p-adic Galois represen- 
tation 

p: G^l{E) ^ GLt,(a)®.,q,(Qp) = GLi,^,Q^(Qp), 

cf. [Bog] and [Se3, Sect. 135]. Let £;conn -^^ ^^le smallest finite field extension of E that is 
contained in Q and that has the property that /9(Gal(i?*^°"")) is a compact, open subgroup 
of Gqp(Qp) (see [Bog]). It is known that the field does not depend on the prime p 

(see [Se3, p. 15]). The Mumford-Tate conjecture says (see [Mul] and [Se2, Sect. 9]): 

1.1.1. Conjecture. As subgroups o/GL^^^gQ^ we have Gq^ = -f^A,Qp- 

The main goal of the paper is to prove the Conjecture in many cases. We first recall 
fundamental results that pertain to the Conjecture and that play a key role in the paper. 

1.1.2. Theorem (Pyatetskii-Shapiro— Deligne— Borovoi). As subgroups o/GIil^^^q^ 
Gq^ is a subgroup of Ha.q^ (for instance, cf. [De3, Prop. 2.9 and Thru. 2.11]). 

1.1.3. Theorem (Faltings). The group Gq^ is reductive (cf. [Fa]). 

1.1.4. Theorem (Faltings). The centralizers of Gq^ and Ha,Qp mGL^^igi^Qp coincide; 
more precisely the centralizers of Gq^{Qp) and HA,Qp{Qp) in End{LA ®z Qp) o.^^ equal to 
the semisimple Qp-subalgebra End{A-^) ®i Qp of End{LA ®z Qp) (cf. [Fa]). 

Let be a prime of E such that A has good reduction Ay with respect to it. Let 
/ G N be the prime divided by v. Let Ty be the Frobenius torus of the abelian variety Ay 
(see [Ch]); it is a torus over Q that depends only on the isogeny class of If p^ I, then 
Tv,Qp is naturally a torus of Gq^, uniquely determined up to Im(p)-conjugation. 
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1.1.5. Theorem (Serre). Let ^ be the set of primes v of E which are of good reduction 
for A, which are relatively prime to p, and for which T^^q is a maximal torus of Gq . If 
E = then the set ^ has Dirichlet density 1 (cf [Ch, Cor. 3.8]). Thus the rank of 
Gq^ does not depend on p (cf. [Ch, Thm. 3.10]). 

1.1.6. Theorem (Larsen— Pink— Tankeev). // the Mumford-Tate conjecture for the 
abelian variety A is true for a prime p, then it is true for all rational primes ( cf. either 
[LP, Thm. 4.3] or [Tal, Lem. 3.4]). 

The proof of [Tal, Lem. 3.4] rehes on Theorems 1.1.2 to 1.1.5 and on the following 
Lemma. 

1.1.7. Lemma (Zarhin). Let V be a finite dimensional vector space over a field of 
characteristic 0. Let gi C. Q2 End{V) be Lie algebras of reductive subgroups o/GLv- We 
assume that the centralizers of Qi and 02 in End{V) coincide and that the ranks of Qi and 
02 ore equal. Then Qi = Q2 (cf [Zal, Sect. 5, Key Lemma]). 

1.1.8. Theorem (Pink). The group Gq- is generated by cocharacters of it with the 

property that the resulting representations of q- on La <8)z Qp CLre associated to the 
trivial and the identity characters of q-, the multiplicities being equal ( cf. [Pi, Thms. 
3.18 and 5.10]). 

1.1.9. Corollary (Pink). Every simple factor of G^ is of classical Lie type and the 

highest weight of each non-trivial, simple Lie{3^i)-submodule of La <S>z Qp? is a minuscule 
weight (cf. [Pi, Cor. 5.11]; see also [Ta2] for a slightly less general result). 

1.2. Conventions, notations, and preliminary organization. A reductive group H 
over a field K is assumed to be connected. Let Z{H), H"^^^ , H^"^, and H^^ denote the 
center, the derived group, the adjoint group, and the abelianization (respectively) of H. 
We have = H/H'^''' and H""^ = H/Z{H). Let Z°(if) be the maximal subtorus 

of Z{H). If is a finite, separable extension of another field K, let KeSj^^f^H be the 

reductive group over K obtained from H through the Weil restriction of scalars (see [BLR, 
Ch. 7, Subsect. 7.6] and [Va2, Subsect. 2.3]). For each commutative K-algebra R, we 
have a functorial group identity KeSj^^f^H{R) = H{R (g)^ K). Let S := Resc/RGm,]R- 

Always n is a natural number. If M and R and as before Subsection 1.1 and if ip is 
a perfect alternating form on the free i?-module M, then Sp(M, V') and GSp(M, V') are 
viewed as reductive group schemes over R. 

A Shimura pair {H, X) consists of a reductive group H over Q and an i? (M)-conjugacy 
class X of homomorphisms § — > that satisfy Deligne's axioms of [De2, Subsect. 2.1]: 
the Hodge Q-structure on Lie{H) defined by any a; e X is of type {(—1, 1), (0, 0), (1, —1)}, 
Adox(i) is a Cartan involution of Lie(iy]|'^), and no simple factor of H^^ becomes compact 
over M. Here Ad : Glij^-^^^fjE^d^ is the adjoint representation. These axioms imply 

that X has a natural structure of a hermitian symmetric domain, cf. [De2, Cor. 1.1.17]. 
For generalities on (the types of) the Shimura variety Sh(i7, X) defined by {H, X) we refer 
to [Del], [De2], [Mi2], [Mi3], and [Val, Subsects. 2.2 to 2.5]. Shimura pairs of the form 
{GSp{W, , S) define Siegel modular varieties. The adjoint (resp. the toric part) of a 
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Shimura pair {H,X) is denoted by (ff^^ j^ad) (j,ggp (ijab j^ab))^ [y^^^ Subsubsect. 
2.4.1]. 

We say (H^X) (or Sh{H, X)) is unitary if the group i?^*^ is non-trivial and each 
simple factor of is of some An Lie type. 

1.2.1. On techniques. In [Val] we developed some techniques to study Shimura varieties 
and local deformations of abelian varieties endowed with de Rham tensors. With this paper 
we begin to exploit them to achieve progress in the proof of Conjecture 1.1.1. We mostly 
use techniques from reductive groups (see Sections 3, 6, and 7) and from Shimura varieties 
(see Sections 2, 4, 5, 6, and 7). See Subsection 1.3 for what the techniques of Sections 3 
to 7 can achieve in connection to Conjecture 1.1.1. 

For more details on how this work is structured see Subsections 1.5 and 1.6. 

1.3. Our results on Conjecture 1.1.1. The group of homotheties of La <8)z Qp is a 

torus of (see [Bog]). The following theorem refines this result. 

1.3.1. Theorem. The two tori Z^{HaiQp) and Z^{Gq^) of GLl^^^q^ coincide i.e., we 
haveZ\HA,q,) = Z%G^^). 

Let {Hai Xa) be the Shimura pair attached to A^. Thus Xa is the i!f^(R)-conjugacy 
class of the monomorphism Ha '-^ ^ Ha,r that defines the classical Hodge Z-structure on 
La- We refer to {H^,X^) as the adjoint Shimura pair attached to Ac and we write it 

iH%^Xf) = l[{H,,X,) 

as a finite product of simple, adjoint Shimura pairs indexed by a set J which is assumed 
to be disjoint from Z (in order not to create confusion with homology groups). 

Each Hj is a simple group over Q. The simple factors of H^-^ have the same Lie 
type £j which is (cf. [Sal], [Sa2], or [De2]) a classical Lie type. If £j is the or 
Cn Lie type, then {Hj, Xj) is said to be of A^, B^, or C„ type (respectively). If n > 4 and 
= Dn, then (Hj.Xj) is of either or type (cf. [De2, Table 2.3.8]; see Definition 
2.2.1 (a) for the and types). See Subsection 2.1 for the classical groups SO*(2n)K 
and SO(2,2n - 2)k over R. If {Hj.Xj) is of (resp. of D^) type, then aU simple, 
non-compact factors of Hj^R are isomorphic to SO*(2n)^'^ (resp. to SO (2, 2??, — 2)^*^). The 
converse of the last sentence holds provided we have n > 5. 

We say {Hj, Xj) is of non-inner type if Hj is isomorphic to Kesp./qHj, where Fj is 

a number field and where Hj is an absolutely simple, adjoint group over Fj which is not 
an inner form of a split group (see Definition 2.3 (a)). 

1.3.2. Theorem. We assume that p ^ I and that v is unramified over I. There exists a 
number N{A) e N that depends only on A (and not on p or I) and such that the following 
statements holds: if I > N{A) and j e J, then all images ofT^ q- in simple factors of H. q- 
have equal ranks that do not depend on the prime p ^ I. 

If the abelian variety Ay is ordinary, then Theorem 1.3.2 follows easily from [No, 
Thm. 2.2]. The following Corollary complements Theorem 1.1.5. 
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1.3.3. Corollary. The rank of the subgroup of H^q^ whose extension to Qp is the product 
of the images of Gq- in the simple factors of H^—, does not depend on p. 

1.3.4. Main Theorem. Conjecture 1.1.1 holds if for each element j G J the adjoint 
Shimura pair {Hj,Xj) is of one of the following types: 

(a) non-special type; 

(b) Bj, type; 

(c) Cn type, with n odd; 

(d) type, with n > 5 odd and such that 2n ^ {(^2'" )|™ ^ 
(d') non-inner D^^ type, with n an odd prime; 

(e) type, with n>A. 

The types listed in Theorem 1.3.4 and the non-inner D'f type are the only types for 
which we can show that for each j E J the group Gj^ surjects onto a simple factor of 
H-Q- (see Theorem 7.1). The non-special An types are introduced in Definition 6.1 (c). 
Here we list some examples, cf. Examples 6.2.4. 

1.3.5. Examples. The simple, adjoint Shimura pair {Hj,Xj) is of non-special A^ type 
if any one of the following four conditions is satisfied: 

(i) the group Hj^r has two simple factors SU(ai, n + 1 — ai)^, i — 1,2, such that 
1 < ai < a2 < and either g.c.d.{ai, n -|- 1) = 1 or g.c.d.{a2, n + 1) = 1; 

(ii) the group i^j,R has a simple factor SU(a, n-\- 1 — a)^, with g.c.d.{a, n -|- 1) = 1 
and with the pair (a,n-M - a) ^ {(Q, {^Li))\s,r E N, 2 < s < r - 1}; 

(iii) the natural number n -|- 1 is an integral power of 2 and the group i?j,M has as 
a normal factor a product SU(^^, ^^)^ Xr SU(6, n-\-l- b)^, where 6 e N is an odd 
number different from 

(iv) the Shimura pair (Hj, Xj) is of A^ type, where n -|- 1 is either 4 or a prime. 

1.3.6. Theorem. We assume that there exists no element j e J such that {Hj,Xj) is 
of D4 type. Then no simple factor of Lie{G^) surjects onto two or more distinct simple 

factors of Lie{Hf-). 

1.3.7. Theorem (the independence property for abelian varieties). We assume 
that there exists no element j & J such that {Hj,Xj) is of type and that A is a product 

of abelian varieties over E for which the Mumford-Tate conjecture holds. Then Conjecture 
1.1.1 holds (i.e., the Mumford-Tate conjecture holds also for A). 

Theorems 1.3.1 and 1.3.2 are used in the proof of Theorem 1.3.4. Theorem 1.3.6 is 
a consequence of part of the proof of Theorem 1.3.4. Theorem 1.3.7 is an application of 
Theorem 1.3.6. 

1.4. Earlier results that pertain to Conjecture 1.1.1. Previous works of Serre, Chi, 
Tankeev, Pink, Larsen, Zarhin, and few others proved Conjecture 1.1.1 in many cases. 
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The cases involve Shimura pairs {Ha,Xa) whose adjoints are simple of An, B^, Cn, and 
types (with n arbitrary large) and are worked out under the assumption that either 
the rank of End(AQ) is small (like 1 or 4) or dim(A) G {qr\q is a prime, r G {1, . . . , 9}} 
(see [Ch], [Tal], [Ta2], [LP], [Pi, p. 216 and Thms. 5.14 and 5.15], and [Za2]). To our 
knowledge, except [Pi, Thm. 5.14] and [Za2], all previous results that pertain to Conjecture 
1.1.1 are encompassed by Theorem 1.3.4. The result [Pi, Thm. 5.14] proves Conjecture 
1.1.1 when End{A^) = Z and 2dim(A) ^ {m'', {^^)\m G N, k El + 2N}. Results of [Za2] 
prove Conjecture 1.1.1 when End(AQ) = Z and A is the Jacobian of certain hyperelliptic 
curves. In both places [Pi, Thm. 5.14] and [Za2], the group Ha is a GSp2dim(A),Q group 
and therefore the adjoint Shimura pair {H^, Xj^) is simple of Cdim(A) type. 

We recall from [Pi, Def. 4.1] that a pair (So:Po) defined by an irreducible, faithful, 
finite dimensional representation po ^ So ^ GL'vvq over Qp, is called an irreducible weak 
(resp. an irreducible strong) Mumford-Tate pair of weight {0, 1} if So is a reductive group 
over Qp that is generated by cocharacters of it which act (resp. is generated by the So(Qp)- 
conjugates of one cocharacter of it which acts) on Wq via the trivial and the identity 
characters of G^^-. We say that the pair (So:Po) is non-trivial, if dimQ-CWo) > 2. 

Irreducible weak Mumford-Tate pairs of weight {0,1} are naturally attached to the p- 
adic Galois representation p of Subsection 1.1 as follows. We take Wq to be a simple q— 

submodule of La ®'l Qp- Let So and IKq be the images of Gq- and i?^ q- (respectively) in 
GLwy. The natural faithful representation po : So GLwo is irreducible, cf. Theorem 
1.1.4. Theorem 1.1.8 implies that the pair (So^Po) is an irreducible weak Mumford-Tate 
pair of weight {0, 1}. From the very definition of Ka, one gets that the pair (J{o,IKo '-^ 
GL"Wg) is also an irreducible weak Mumford-Tate pair of weight {0, 1}. 

The previous works mentioned above rely on the classification of (non-trivial) irre- 
ducible weak and strong Mumford-Tate pairs of weight {0, 1} over Qp (see [Pi]; see also 
[Sa2] and [Sel]) and on the results 1.1.2 to 1.1.9. 

1.4.1. What the results 1.3.4 to 1.3.7 bring new. To our knowledge. Theorem 1.3.4 
is the very first result on Conjecture 1.1.1 which is stated in terms of Shimura types (and 
thus which is stated independently on the structures of either End(AQ) or H^^). If H'^ 
is an absolutely simple, adjoint group, then only the type case of Theorem 1.3.4 is 
completely new. The A^ and types cases of Theorem 1.3.4 are new general instances 
for the validity of Conjecture 1.1.1. For instance, the type case of Theorem 1.3.4 was 
not known before even when End{A-^) = Z. Also, the "applicability" of Theorem 1.3.4 
(a) goes significantly beyond the numerical tests of Subsection 6.2 (see Remark 7.5.1 (a)). 
See Subsection 7.5 for the simplest cases not settled by Theorem 1.3.4 (they contain the 
case when dim(A) = 4 and Ha is a GSp8,Q group). See Corollary 7.4 for a variant of 
Theorem 1.3.4 (d') that handles to some extent the non-inner types. Theorem 1.3.7 
is a particular case of a more general result on abelian motives over E (see Theorem 7.6); 
we do not know any non-trivial analogue of Theorems 1.3.7 and 7.6 in the literature. 
The proofs of the results 1.3.1 to 1.3.7 rely on: 

• results of arithmetic nature (like the results 1.1.2 to 1.1.5, 1.1.8, and 1.1.9 and the 
main results of [Wi] and [Zi]); 



6 



• results of group theoretical nature (like the results 1.1.6 and 1.1.7, the classification 
of irreducible weak and strong Mumford-Tatc pairs of weight {0, 1}, and the Satake- 
Deligne results on symplectic embeddings to be recalled in Subsection 1.5 below). 

Our new ideas that put together all these results are presented below in Subsections 
1.5 and 1.6. The main contribution of these new ideas is that they allow us: (i) to state 
Theorem 1.3.4 only in terms of Shimura types and (ii) to prove Theorems 1.3.6 and 1.3.7. 

1.5. On injective maps into unitary Shimura pairs of PEL type. Let Xa be a 

polarization of A. Let ifjA be the non-degenerate alternating form on Wa '■= La <S>z Q 
induced by Xa- We get naturally an injective map 

Ja : {Ha,Xa) {GSp{WA,i^A),SA) 

of Shimura pairs, where Sa is the GSp(VF^, •i/'A)(K)-conjugacy class of fA,R o hA- As 
a hermitian symmetric domain, Sa is two disjoint copies of the Siegel domain of genus 
dim{A). The inclusion Xa ^ Sa is a totally geodesic and holomorphic embedding between 
hermitian symmetric domains. Such embeddings were classified in [Sal]. 

Satake and Deligne used rational variants of [Sal] to show that each simple, adjoint 
Shimura pair of A^, B^, Cn, D^, or type is isomorphic to the adjoint Shimura pair 
attached to some complex abelian variety (cf. [Sa2, Part III] and [De2, Prop. 2.3.10]). 
The goal of Section 4 is to present unitary variants of [De2, Subsubsects. 2.3.10 to 2.3.13]. 
Starting from a simple, adjoint Shimura pair {G,X) of A^, B^, Cn, D^, or type, we 
construct explicitly in Subsections 4.1 to 4.8 "good" injective maps 

/2 : {G2,X2) (G'4,X4) (GSp(^yi,Vi),-Si) 

of Shimura pairs, where (G|'^,X|'^) = {G,X), where {G^'^,X^'^) is a simple, adjoint 
Shimura pair of A^^^ type for some positive integer 77,4 that depends only on the type 
of {G,X), and where G4 is the subgroup of GSp{Wi,ipi) that fixes a scmisimple Q- 
subalgebra of End(VFi). If (G, X) is of A^ type, then we can take G4 = G2 (cf. Proposition 
4.1) and thus wc have 714 = n. If (G, X) is not of An type, see Theorem 4.8 for the extra 
"good" properties enjoyed by the injective maps /2 of Shimura pairs. 

These constructions play key roles in the proofs of the Theorems 1.3.2, 1.3.4, 1.3.6, 
and 1.3.7 (see Subsection 1.6 below). We also use these constructions to classify in Corol- 
lary 4.10 all Shimura pairs that are adjoints of Shimura pairs of PEL type (their definition 
is recalled in Subsection 2.4; for instance, the Shimura pair [G^^X^) is of PEL type). 

The constructions rely on a modification of the proof of [De2, Prop. 2.3.10] (see 
proof of Proposition 4.1) and on a natural twisting process of certain homomorphisms 
between semisimple groups over number fields (see Subsection 4.5). The embeddings of 
hermitian symmetric domains of classical Lie type into Siegel domains constructed in [Sal] , 
are obtained by first achieving embeddings into hermitian symmetric domains associated 
to unitary groups over M. This idea is not used in [De2] and thus the twisting process 
of Subsection 4.5 is the main new ingredient needed to get constructions that are explicit 
rational versions of [Sal] and that are more practical than the ones of [Sa2] . 
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1.6. On the proofs of the results 1.3.1 to 1.3.7. The proof of Theorem 1.3.1 rehes 
on an elementary Lemma 3.3 and appeals to canonical split cocharacters of filtered F- 
isocrystals over finite fields defined in [Wi, p. 512] (see Subsection 3.4). Lemma 3.3 is 
due in essence to Bogomolov and Serre, cf. [Bog] and [Se3, pp. 31, 43, and 44]. Though 
Theorem 1.3.1 was known to Serre (and to others), we could not trace it in the literature. 

We call an abelian variety B over E adjoint-isogenous to A if the adjoints of the 
Mumford-Tate groups of Ac, Be, and Ac Xc Be are the same (cf. Definition 5.1). Due to 
Theorems 1.3.1, 1.1.2, 1.1.3, and 1.1.4, to prove Conjecture 1.1.1 one only has to show that 
Gq^ = H^q^. But to check that we have Gq^ = Hj^q^, we can replace A by any other 
abelian variety B over E that is adjoint-isogenous to A (cf. the shifting process expressed 
by Proposition 5.4.1). In other words, (as the prime p is arbitrary) we have: 

1.6.1. Proposition. We assume that A and B are adjoint-isogenous abelian varieties 
over a number field. Then the Mumford-Tate conjecture holds for A if and only if it holds 
forB. 

1.6.2. Example. We assume that the adjoint group is absolutely simple and that 
the simple, adjoint Shimura pair {H^^, X"^) is of type with n > 5. Let J/f be the 
simply connected semisimple group cover of H'"^ (or of H'^^). Let be a number field 
such that the group H^a k ^P^i^ it is a Spin2n,K group). Let H^a k ^ GL2n,K be 
the spin representation (i.e., the direct sum of the two half spin representations of if^^^). 
We have a natural sequence of monomorphisms 

"— >■ ReS^/Q-ff^.K ^ R'eSK/QGL2",Js: ■— > GL2"[K:Q],Q ^ GSp2n+i[K:Q],Q 

between reductive groups over Q. We write GSp2«+i[i<::Q],Q = GSp(Wb,7^b), where Wb 
is a rational vector space of dimension 2'^~^^[K : Q] and where ^/'s is a non-degenerate 
alternating form on Wb- Let Hb be the reductive subgroup of GLiWb generated by the 
subgroups and Z (GSp {WB^i^B))] we have natural identifications H'^^'^ — and 
^ad _ ^ad rpj^g centralizer of H^^^^ in GL^^^^^^ is isomorphic to GL^^^^^ — (each 

copy of GLj^.Qj Q- corresponds to one of the two half spin representations). 

Let — : S — > — be the composite of the monomorphism Ha '■ 

S ^ Ha,r with the natural epimorphism Ha,r -» Ha^-r- ^^^^ there 

exists a unique monomorphism Hb '■ ^ ^ Hb,r which lifts and which defines a Hodge 
Q-structure on Wb of type {(-1, 0), (0, -1)}, cf. either the proof of [De2, Prop. 2.3.10] 
or [Pi, Table 4.2]. Let •i/'B be a non-degenerate alternating form on Wb that is fixed 
by H'^^'^ = Ha and such that 2'iTiijjB is a polarization of this Hodge Q-structure on 
Wb, cf. [De2, Cor. 2.3.3]. Let Xb be the i7B(M)-conjugacy class of Hb and let Sb he 
the GSp(Wb, V'B)(lR)-conjugacy class of the composite of Hb with the monomorphism 
Hb,r ^ GSp{Wb ®q ^b)- By replacing E with a finite field extension of it, there 
exists a principally polarized abelian variety {B, Xb) over E such that the notations match 
(i.e., the analogues of Ha and fA for {B,Xb) are precisely Hb and : {Hb,Xb) ^ 
{GSp{Wb, ips), Sb)) and such that the abelian varieties A and B are adjoint-isogenous. 

Let be the identity component of the algebraic envelope of the p-adic Galois 
representation attached to B; it is a subgroup of Hb,Qp- We show that the assumption 
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that ^ Hb,Qj, leads to a contradiction. Due to Theorem 1.1.8, this assumption imphes 

that is isogenous to a product of two simple, adjoint groups of and Bn-m-i Lie 

MP 

type (respectively), where ni G {0, . . . , n — 1} (cf. [Pi, Prop. 4.3]; here the Bq Lie type 
corresponds to the trivial group). Moreover, loc. cit. implies that the representation 
Lic(G'^) ^ End(VFB (S>q Qp) is a direct sum of 2[i^ : Q] irreducible representations that 

are isomorphic to the tensor product of the spin representations of the two simple factors of 
Lie(G^) of and Bn-m-i Lie type (in other words, the restriction to of either one 

of the two half spin representations of q- is the same irreducible representation of G^). 

Thus the centralizer of G^- in GL^^^^^^ is isomorphic to GL^^j^.^-^ q- and therefore it is 
distinct from the centralizer of H^-^ in GL-^^^^-^. This contradicts Theorem 1.1.4. 



Therefore we have Gq^ = HB,qp- Thus the Mumford-Tate conjecture holds for 
B (cf. Theorem 1.1.6) and thus also for A (cf. Proposition 1.6.1). This holds even if 
n = 4, provided we define the two half spin representations in such away that hs does 
exist. If either n is odd or n is even and the simple, adjoint Shimura pair {H^, X^) is of 
non-inner type, then the representation H'^^ ^ GL^^^^^q- is a direct sum of spin 

representations and therefore the above replacement of A by S is not truly necessary. 

1.6.3. The role of the shifting process. The main role of the shifting process 
(i.e., of Proposition 5.4.1) is to replace the "potentially complicated" injective map /a 
of Shimura pairs by a "simpler" one that is a "direct sum" (i.e., is a Hodge quasi product 
in the sense of Subsection 2.4) of composite injective maps /2 : ((^2,-^2) ^ (^4,^4) ^ 
(GSp(VFi, '0i), ^i) of Shimura pairs that are as in Subsection 1.5. See Proposition 5.10 
for three advantages one gets through such replacements; they are due to Deligne. We 
emphasize that: 

(i) If B is an abelian variety over E which is adjoint-isogenous to A, then in general B 
is unrelated to A in any usual way (like via isogenics, Weil restrictions of scalars, products 
of abelian subvarieties of A, etc.). For instance, B could be the product between A and 
any other abelian variety over E which has complex multiplication over E. 

(ii) To perform the replacement of /a by a "direct sum" of composite injective maps 
/2 of Shimura pairs, we often have to pass to a finite field extension of E. 

(iii) If the adjoint group is Q-simple, then by replacing with an /2, the 
Mumford-Tate group gets replaced by a reductive, normal subgroup of G2 which 
contains 6^2*^'' (more precisely, the injective map /a : {Ha,Xa) ^ {GSpCWAjiJA), Sa) of 
Shimura pairs gets replaced by a composite injective map 

iHA,XA) iG2,X2) (G'4,X4) {GSp{Wi,i(;i),Si) = {GSp{Wa,i1^a), Sa) 

of Shimura pairs for which we have H'^'^ — 6^2*^'' and which is defined by an /2 as in 
Subsection 1.5). 

1.6.4. On Theorem 1.3.2. The proof of Theorem 1.3.2 goes as follows (see Subsection 
5.8). Using the shifting process, we can assume that is a simple Q-group and we can 
replace Ja by an injective map /2 of Shimura pairs as in Subsection 1.5. Using this and 
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the main result of [Zi], we get that for Z » and up to a G4(Qp)-conjugation of the torus 
Tv.Qp, is naturally isomorphic to a torus T4 of an inner form G'^ of 6*4 that is locally 
isomorphic. But from the constructions of /2 we get that each simple factor of Lie(G^'^) 

contains the non-zero image of a unique simple factor of Lie(G^'^) (see property 5.7 (a)). 

Thus we get Theorem 1.3.2 by considering the ranks of the images of T' — in simple 

factors of G^^-^ = G'f^. The passage from Theorem 1.3.2 to Corollary 1.3.3 is standard 
(see Subsection 5.8). 

1.6.5. On Theorems 1.3.4, 1.3.6, and 1.3.7. The proof of Theorem 1.3.4 involves 
two main steps (see Theorems 7.1 and 7.2) and it ends in Subsection 7.3. Theorem 7.1 
shows that if for each element J € J the simple, adjoint Shimura pair {Hj^ Xj) is of either 
non-inner type or a type listed in Theorem 1.3.4, then for each j E J the group Gq- 
surjects onto a simple factor of H-^. The greatest part of the proof of Theorem 7.1 is 
a standard application of the classification of irreducible weak and strong Mumford-Tate 
pairs of weight {0, 1} and of the advantages offered by the shifting process. 

Theorem 7.2 shows that under some hypotheses (like the ones of Theorem 1.3.4), we 
have G^ = H''^^ . Its proof is technical and lengthy. To explain the main point of the 
proofs of Theorems 7.2, 1.3.6, and 1.3.7, we will assume in this and the next paragraph 
that there exists no element j G J such that {Hj,Xj) is of -D4 type and that (based on 
the shifting process) the injective map /a has been replaced by a "direct sum" of injective 
map /2 as in Subsection 1.5. Even more, to ease the notations we will also assume that 
the adjoint group is Q-simple and thus that has been replaced (as in (iii)) by 
a single injective map /2. The torus Z^{Ha) is a subtorus of Z^{G2) (cf. (iii)) and its 
dimension is very much controlled by Gq^. If there exists a simple factor of Lie(G^) that 

surjects onto two or more distinct simple factors of Lie{H''^—), then directly from the 

construction of the injective map /2 of Shimura pairs we get that the centralizers of Gq^^ 
and H'^Q in GL^^^^^^^ are distinct and thus one hopes to reach a contradiction with 
Theorem 1.1.4. But in order to reach the desired contradiction, one has to check that the 
subtorus Z^{Ha) of Z'^{G2) is small enough (so that the centralizers of Gq^ and Ha,Qj, in 
^'^Tp{A)®ZpQp are distinct). Thus the main philosophy of the proof of Theorem 7.2 is: 

(iv) the smaller the subgroup Gq^ of Ha,Qp ^ G2,Qp is known to be (in terms of 
several simple factors of Lie(G^) surjecting onto two or more distinct simple factors of 

Lie{H^f—)), the smaller subtori of Z^{G2) we get which contain Z^{Ha) (and thus the 

better upper bounds we get for dini(Z"(ifA))). 

Thus if there exists a simple factor of Lie(G'^) that surjects onto two or more distinct 
simple factors of Lie{H^^—), then the proof of Theorem 7.2 shows that the torus Z'^{Ha) is 

small enough so that we reach a contradiction with Theorem 1.1.4. In the proof of Theorem 
7.2 we will use very intimately the construction of the injective map /2 of Shimura pairs 
and the proof of Theorem 1.3.2, in order to get the desired control on the subtorus Z^{Ha) 
of Z\G2). 



10 



The essence of the proofs of Theorems 1.3.6 and 1.3.7 is the same main point men- 
tioned above. The proof of Theorem 1.3.6 is presented in Subsection 7.3. Theorem 1.3.7 
is a particular case of Theorem 7.6. 
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and Binghamton U for providing us with good conditions with which to write this work. 
We would like to thank Tankeev for making us aware of Theorem 1.1.6, Serre and Deligne 
for some comments, Borovoi for mentioning the reference [Sa2] , and the referee and Larsen 
for many valuable comments and suggestions. We are obliged to [Pi]. This research was 
partially supported by the NSF grant DMS 97-05376. 

2. Some complements on Shimm^a pairs 

In Subsection 2.1 we gather extra conventions and notations to be used in Sections 
2 to 6. In Subsections 2.2 and 2.3 we include complements on reflex flelds and types of 
Shimura pairs. In Subsection 2.4 we include complements on injective maps into Shimura 
pairs that define Siegel modular varieties. The notations of Section 2 will be independent 
from the ones of Subsections 1.1, 1.3, and 1.5. 

2.1. Extra conventions and notations. Let p G N be a prime. For each field K and 
every cocharacter //q of a reductive group H over let [/xq] be the i/(i^)-conjugacy class 
oi jJLQ. A pair of the form (iJ, [/ii]), with /ii a cocharacter of i?^, is called a group pair 
over K. If D is a semisimple K-algebra, let GLi(D) be the reductive group over K of 
invertible elements of D. If i^T is a p-adic field, we call H unramified if it is quasi-split and 
splits over an unramified extension of K. If is a number field, let Kyj be the completion 
of K with respect to a finite prime w of K. Let k{w) be the residue field of w. Let B{k) 
be the field of fractions of the ring W{k) of Witt vectors with coefficients in a perfect field 
k. Let F := Fp. Let Af := Z Q be the Q-algebra of finite adeles of Q. If an abstract 
group C acts on a set V, let V'~^ := {y G V\y fixed by C}. 

Let {G,X) be a Shimura pair. Let E{G,X) be the reflex fleld of (G, X). The 
Shimura variety Sh(G, X) is idcntiflcd with the canonical model over E{G, X) of the com- 
plex Shimura variety Sh(G,X)c (see [Del], [De2], [Mil], [Mi3], and [Mi4]). 

Let a, 6 G N U {0} with a + b > 0. Let SU(a, b) be the simply connected semisimple 
group over Q whose Q-valued points are the Q(z)-valued points of SL^+b^Q that leave 
invariant the hermitian form —ZiZi — ■ ■ ■ — ZaZa + Za+iZa+i + • • ■ + Za+b^a+b over Q{i). 
Let SO (a, b) be the semisimple group over Qofa-|-6bya-|-6 matrices of determinant 
1 that leave invariant the quadratic form —xf — ■ ■ ■ — x'l + -|- ■ ■ ■ -|- on Q'*+''. 
Let SO(a) := SO(0, a). Let SO*(2a) be the semisimple group over Q whose group of 
Q-valued points is the subgroup of SO(2?i)(Q(i)) that leaves invariant the skew hermitian 

form —ziZn+i + Zn+iZi — ■ ZnZ2n + ^2n^n ovcr Q{i) (^j's and XiS are related here over 

Q{i) via Zi = Xi). 

The minuscule weights of a split, simple Lie algebra of classical Lie type £ over a 
field of characteristic are: Wi with z G {1, . . . , n} if £ = An, vOn if £ = voi if £ = Cn, 
and wi, Wn-i, and Wn if £ = -Dn with n>3 (see [Sal], [Bou2, pp. 127-129], [De2], [Sel]). 
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2.2. On reflex flelds and Shimura types. Let (G, X) be a Shimura pair. We have 

§(]R) = Gm,R{C). We identify S(C) = Grn,R{'C) x G^^]r(C) in such a way that the monomor- 
phism §>{W) ^ S(C) induces the map z {z,z) (here z G Gm,]R(C)). Let x E X; it is 
a homomorphism a; : S — > Gr. Let fix '■ Gm,c Gc be the cocharacter given on com- 
plex points by the rule z — > xc{z, 1). Let //q be a cocharacter of Gq such that we have 

[a*o,c] = [A*a;]- If is a field of characteristic 0, the G(K)-conjugacy class [^Uq 7^] of //qk 
will be denoted simply by /ik- If is a p-adic field, let [/ip] := [/j^k] = [a*o !<]■ 

Let X) be the set of cocharacters of Gc that are G(C)-conjugates of the ex- 
tensions to C of all Galois conjugates of fio (i.e., of all cocharacters of the form 7(/io) : 
for some element 7 G Gal(Q)). As the notation suggests, the set C{G,X) 
does not depend on the choice of the cocharacter /xq G [/xq] = [/xq] . 

The reflex field E{G,X) of {G,X) is the field of definition of [//c] = [l^x] (see [Del], 
[Dc2], [Mi2], and [Mi3]). It is the composite field of E(G^d,X^<^) and ^ic^^, cf. 
[Del, Prop. 3.8 (i)]. Thus, we now recall how one computes E{G,X), if G is either a 
torus or a simple, adjoint group. If G is a torus, then X = {x} and E{G, X) is the field of 
definition of itself. From now on until Subsection 2.4 we will assume that G is a simple, 
adjoint group over Q; thus (G, X) is a simple, adjoint Shimura pair. 

Let F(G, X) be a totally real number subfield of Q C C such that we have 

G = Res^(G,x)/QG[F(G,X)], 

with G[F(G, X)] as an absolutely simple, adjoint group over F(G, X) (cf. [De2, Subsub- 
sect. 2.3.4]); the subfield F{G,X) of Q is unique up to Gal(Q)-conjugation. Let Iq be the 
split, simple, adjoint group over Q of the same Lie type as every simple factor of Gq. Let 
Aut{Io) be the group over Q of automorphisms of Iq. The group Iq is the group of inner 
automorphisms of Iq and thus it is a normal subgroup of Aut{Io)- The quotient group 
Aut{Io)/Io is either trivial or Z/2Z or the symmetric group Ss- Let /(G, X) be the small- 
est field extension of F{G,X) such that the group G[F{G, X)]i(^g,x) is an inner form of 
Io,i{G,x)', the degree [/(G, X) : F(G, X)] divides the order of the finite group Aut{Io)/Io. 

Let T be a maximal torus of G. Let S be a Borel subgroup of Gq that con- 
tains Tq. Let D be the Dynkin diagram of Lie(GQ) with respect to and B. As 
Gq = nieHom(F(G,x),R) G[F{G, X)] XF(G,x),i Q, we have a disjoint union 

® ~ ^ieHom(F(G,x),]R)'^«' 

where Di is the Dynkin diagram of Lie(G[F(G, X)] XF{G,x),i Q)- For a vertex n of S), let 
be the 1 dimensional Lie subalgebra of Lie(i?) that corresponds to n. 

The Galois group Gal(Q) acts on T) as follows. If 7 G Gal(Q), then 7(n) is the 
vertex of D defined by the identity Q'y(n) = ^3^.(7(011)): where ig^ is the inner conjugation 
of Lie(GQ) defined by an element G G(Q) that normalizes Tq and that has the property 
that g-y^{B)g~^ = B. Here 7(-B) is the Galois conjugate of B through 7. 

Let tlx be the set of vertices of S) such that the cocharacter of Tq that acts on Qn 
trivially if n ^ Tlx and via the identical character of ^ if n G Ux, belongs to [fio]. The 
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image of a; : S — > Gm. in a simple factor 5" of is trivial if and only if the group 5" is 
compact (this is so as the centralizer of lm{x) in G^ is a maximal compact subgroup of 
Gr, cf. [De2, p. 259]). Thus, as the group Gr is not compact, the set nx is non-empty. 

As the set nx is non-empty and as the Hodge Q-structure on Lie(G) defined by each 
a; e X is of type {(—1, 1), (0,0), (1, —1)}, the group Iq is of either classical or Eq or £'7 
Lie type (see [De2, Table 1.3.9]). Moreover, if contains a vertex of Sj, then (with the 
standard notations of [Boul, Planches I to VI]) this vertex is: an arbitrary vertex if Iq is 
of Aji Lie type, vertex 1 if Iq is of Lie type, vertex n if Iq is of Lie type, an extremal 
vertex if Iq is of Lie type, vertex 1 or 6 if Iq is of Eq Lie type, and vertex 7 if Iq is of 
E7 Lie type (cf. [De2, Table 1.3.9]). The reflex field E{G, X) is the fixed field of the open 
subgroup of Gal(Q) that is the stabilizer of tlx, cf. [De2, Prop. 2.3.6]. 

The following three definitions conform with [De2] and [Mi3] . 

2.2.1. Definitions, (a) If Iq is of A^, C„, Eq, or E^ Lie type, then we say {G,X) is 
of An, Bn, Cn, Eq, or E-j type (respectively). 

Let now Iq be of Dn Lie type, with n>A. If n = 4, we say (G, X) is of (resp. of 
D4 ) type if for each embedding i : F(G, X) ^ M, the orbit of nx under Gal(Q) contains 
only one vertex (resp. only two vertices) of S^. If n > 5, we say {G, X) is of type if for 
each embedding i : F{G, X) ^ R, the orbit of nx under Gal(Q) contains only the vertex 
1 of SDj. If n > 5, we say (G, X) is of type if for each embedding i : F{G, X) ^ R, the 
orbit of nx under Gal(Q) contains only vertices of Di that belong to the set {n — 1, n}. If 
n > 4, we say {G, X) is of D^^^'^'^ type if it is neither of type nor of type. 

(b) An adjoint Shimura pair is said to be of abelian type if it is a product of simple, 
adjoint Shimura pairs of An, B^, Cn, D^, or type. 

(c) Let {G, X) be of type, n > 4. If n = 4 we index the vertices of each Di in 
such a way that the Gal(Q)-orbit of nx contains only the vertex 1 of Sj. Let * be a field of 
characteristic such that the group G* is split. By the two half spin representations of a 
simple factor of Lie(GH<), we mean the two representations associated to the highest weights 
Wn-i and zun- By the spin representation of a simple factor of Lie(G*), we mean the direct 
sum of the two half spin representations of the mentioned simple factor. Similarly, we speak 
about the two half spin representations and about the spin representation of the simply 
connected, semisimple group cover of a simple factor of G*. 

2.2.2. Extra fields. There exists a unique totally real number field Ei{G,X) such 
that E[G,X) is either it or a totally imaginary quadratic extension of it, cf. [Del, Prop. 
3.8 (ii)]. We say {G,X) is: (i) without involution if E{G,X) = Ei{G,X), and (ii) with 
involution if E{G, X) 7^ Ei{G, X)_We have E{G, X) = Ei{G, X) if and only if the set nx 
is fixed by the automorphism of Q defined by the complex conjugation, cf. loc. cit. The 
last automorphism of Q acts on each "D^ via the standard opposition (it is either trivial or 
an involution) defined by the clement —Wq of [Boul, item (XI), Planches I to IV], cf. [Del, 
Prop. 3.8 (ii)]. Thus, if (G, X) is not of some A2n+i type, then from the description of 
elements wq we get that (G, X) is with involution if and only if it is of one of the following 
types: A2n, D^^_^^, -D2n+3^' -^6- If (G, X) is of ^2^+1 type, then it is without involution 
if and only if all simple, non-compact factors of Gk are SU(n +l,n+ 1)^ groups (i.e., if 
and only if for each element i e Hom(F(G, X), R), the set nx contains either no vertex of 
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S)j or only the vertex n + 1). 

Let EFi{G, X) (resp. EF{G, X)) be the composite field of F{G, X) with Ei{G, X) 
(resp. with E{G,X)) inside Q. Let Gi{G,X) (resp. G{G,X)) be the Galois extension of 
Q generated by EFi{G,X) (resp. by EF{G,X)). Let G2{G,X) be the Galois extension 
of Q generated by F{G, X). Both number fields Gi{G, X) and G2{G, X) are totally real. 

2.2.3. A construction. For a totally real number field Fi that contains F[G, X) let 

G^' ■.= KesF,/qG[F{G,X)]F^. 

We have a natural monomorphism G[F{G^ X)] ^ KesF^/F(^G,x)G[F{G, X)]f^ over F{G, X) 
which at the level of F{G, X)-valued points is defined by the inclusion 

G[F{G,X)]{F{G,X)) ^ G[F(G,X)](Fi) = Res f, / f (g, x)G[F {G, X)]f,{F{G, X)). 

The ResF{G,x)/Q of this natural monomorphism is a monomorphism G ^ G^^ that extends 
to an injective map 

(1) (G,x)^(G^^x^^) 

of Shimura pairs. Here X^^ is the G^^ (R)-conjugacy class of the composite of any x E X 
with the monomorphism ^ . As G^^ —>■ G^^'^^'^'^^\ the hermitian symmetric 
domain X^^ is isomorphic to X^^^'-^^^^^^\ We have F{G^\X^^) = Fi. 

Let {D^^ , ) be the analogue of the pair (2D, ux) but for the Shimura pair {G^^ , X^^ ) 
and the pair (T^\ B^^), where T^^ is the maximal torus of G^^ which is the centralizer of 
T in G^^ and where B^^ is the unique Borel subgroup of G^ that contains both and 

B. Let s^^ : ^ !D be the Gal(Q)-invariant surjective map of Dynkin diagrams which is 

F ~ \F 'F(G -X^ll 

naturally associated to the monomorphism ^ G— ^ ^ q^' ' ' * " ^(G, X) ^M. 
is an embedding, then {s^^)~^{'Di) is the disjoint union of the connected Dynkin diagrams 
of those simple factors of Lie(G^^) = ®jjgHom(Fi R)^^^i^^^ Q) ^^at correspond to 

embeddings n : Fi ^ M that extend i. We have (s^^)~^{nx) = tl^^ cf. the very definition 
ofX^i. 

The identity {s^^)~^{nx) — tt^^ implies that the fixed fields of the stabilizers of rix 
and in Gal(Q) are equal; thus E{G,X) = E{G^\X^^). The existence of s^^ also 
implies that the types of (G, X) and {G^^ , A^^) are equal, cf. Definition 2.2.1 (a). 

2.3. Definitions. Let (G, A) be a simple, adjoint Shimura pair. We say (G, A) is: 

(a) of inner (resp. non-inner) type, if /(G, A) is (resp. is not) F(G, A); 

(b) with apparent M.-involution, if EF{G,X) ^ F{G,X); 

(c) with '^-involution, if i?(G, A) is not a subfield of G2(G, A); 

(d) with Qp-involution, if there exists a finite field extension Fp i of Qp with the 
property that the group pair {Gpp [/^p]) has a simple factor (Gi, [yUi]) such that Gi is a 
non-split, absolutely simple, unramified group over Fp^i and fii is the extension to Qp of a 
cocharacter of Gi^f^ j whose Gi(Fp^2)-conjugacy class is not fixed by Gal(Fp^2/-P'p,i); here 
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Fp^2 is an unramified field extension of Fp^i of degree 2 if (G, X) is not of D™™*^ type and 
of some degree in the set {2, 3} if {G, X) is of Df^""^ type; 

(e) of compact type, if the F{G, X)-rank of G[F{G, X)] (i.e., the Q-rank of G) is 0; 

(f) of strong compact type, if the /(G, X)-rank of G[F{G, X)]i(^g,x) is 0; 

(g) of p- compact type, if the Qp-rank of Gq^ is 0. 

2.3.1. Remark. In Definitions 2.3 (b) and (c) the use of "R-" emphasizes that we are 
deahng with totally real number fields F{G,X) and G2{G,X) while the word involution 
points out to the fact that suitable group pairs are in the natural sense with involution. 
The group pairs are not necessarily over F{G,X) or G2{G,X); often we have to be in a 
Qp-context that is similar to the one of Definition 2.3 (d) (cf. Subsubsection 2.3.3 below). 

2.3.2. On involutions. We assume that {G,X) is with involution i.e., [E{G,X) : 
Ei{G,X)] — 2. The field G{G,X) is a Galois extension of Q that is a totally imaginary 
quadratic extension of Gi{G,X). Thus {G,X) is also with R-involution. Standard facts 
on number fields (for instance, see [La, p. 168]) imply that the set of primes p e N which 
split in Gi{G, X), which do not split in G{G, X), and which have the property that Gq 
is unramified, has positive Dirichlet density. If p is such a prime, then Gq^ is a product 
of absolutely simple, unramified, adjoint groups and each prime of Ei{G,X) (resp. of 
E{G,X)) that divides p has residue field Fp (resp. Fp2). From this and [Mi3, Prop. 4.6 
and Cor. 4.7] we easily get that (Gq^, [//p]) has a simple factor {G\, [//i]) for which the 
following two properties hold: 

(a) the group Gi is non-split, absolutely simple, unramified, and splits over 5(Fp2); 

(b) the cocharacter ji\ is the extension to 5(Fp2) of a cocharacter //i^2 of <^i,b(Fj,2) 
with the property that the Gi(5(Fp2))-conjugacy class [111,2] is not fixed by Gal(5(Fp2)/Qp) 

By taking Fp 1 and Fp^2 to be Qp and i?(Fp2) (respectively), from the property (b) 
we get that the Shimura pair [G, X) is also with Qp-involution. 

2.3.3. On M-involutions. We assume that {G, X) is with E-involution. As in Subsub- 
section 2.3.2 we argue that the set of primes p e N which split in G2{G,X), which do 
not split in G{G,X), and which have the property that Gq^ is unramified, has positive 
Dirichlet density. For such a prime p, if {G,X) is not (resp. is) of D™^'^'^ type we get 
the existence of a simple factor (Gi, [//i]) of (Gq^, [Hp]) such that properties 2.3.2 (a) and 
(b) hold (resp. hold with Fp2 replaced by Fps for some s e {2,3}). Thus (G, X) is with 
Qp-involution. From the property 2.3.2 (a) we get that Gi is not an inner form of /o,Qp 
and thus (G, X) is also of non-inner type. 

2.3.4. On the non-inner type and the D2n Lie type. If {G,X) is of Bn, Cn, or 

Er type, then I{G,X) = F{G,X). If n > 1 and a e {0, ... ,n + 1}, then the group 
SU(a, n + 1 — a)''^ is not an inner form of PGL^+i^jg. Thus, as F{G, X) is a totally real 
number field, (G, X) is of non-inner type if it is of type with n > 1. If (G, X) is of 
Eq type, then it is of non-inner type (cf. Subsubsections 2.2.2, 2.3.2, and 2.3.3). Thus the 
notion non-inner type is of interest only when the simple, adjoint Shimura pair (G, X) is 
of Df^, Df^, or Df^^-'i type with n > 2. 
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Let now G be such that Iq is of Lie type, with n > 2. We have E{G,X) = 
Ei{G, X), cf. Siibsubsection 2.2.2. Each simple factor of G^ is an inner form of SO(4?i)|'^ 
(cf. [De2, Subsubsect. 1.3.6]) and thus also of /o,ir- Therefore the field I{G,X) is totally 
real. If io : F{G, X) ^ R is the embedding defined naturally by the inclusion F{G, X) ^ 
C, then (G, X) is of inner type if and only if the action of Gal(F(G, X)) on Di^ is trivial. 
Thus (G, X) is of inner type if and only if the action of Gal(Q) on the set of extremal 
vertices of D has exactly three orbits. 

If (G, X) is of type, then the notions of apparent R-involution and of non-inner 
type are unrelated (i.e., no one implies the other one). Also, if {G,X) is of -Dfn type, 
then it is never with R-involution (cf. [De2, Rm. 2.3.12]) or with Qp-involution (this is 
trivial). If {G,X) is of non-inner Df^ or L'^^^^'^ type, then each element of Gal(F(G,X)) 
that does not fix I{G,X) will also not fix E{G,X) and therefore {G,X) is with apparent 
R-involution. 

2.3.5. Remark. The Shimura pair (G, X) is of compact type if and only if Sh(G, X)c 
is a pro-etale cover of a normal, projective scheme over C; this is implied by [BHC, Thm. 
12.3 and Cor. 12.4]. If {G,X) is of p-compact type, then it is also of compact type. If 
{G,X) is of p-compact type and if all primes of F{G,X) that divide p split in I{G,X), 
then (G, X) is also of strong compact type. 

2.3.6. Example. We assume that [/(G,X) : F(G,X)] = 2 and that G[F(G,X)] is 
the adjoint group of the special unitary group SUi(D, ho), where D is a central division 
algebra over /(G, X) of dimension (n -|- 1)^ that is equipped with an involution * which 
is of the second kind and for which we have an identity F(G, X) = {x G I{G, X)\x* = 
x} and where /id is a non-degenerate hermitian form of index relative to *. Then 
G[F(G,X)]7(G,x) is GLi(D)^<^ and thus has rank 0. Thus the Shimura pair (G,X) is of 
strong compact type. 

2.3.7. Example. We assume that Gr has at least one simple, compact factor and (G, X) 
is of strong compact type. Let Fi be a totally real finite field extension of F(G, X) such 
that the Fi^-rank of G[F{G, X)]fi j is positive, where Fij is the composite field of Fi 
and /(G,xj. We have I{G^\X^^) = Fij. The Shimura pair (G^SX^^) is of compact 

type (as G^^ ^ G^^^'^^'^''^^^ has at least one simple, compact factor) but is not of strong 
compact type (as the Fi /-rank of G[F{G, X)]f-^ ^ is positive). 

2.4. Hodge quasi products. Let / := {1, . . . ,n}. For each element i E I we consider 
an injective map 

fr.{Gi,Xi)^{GSp{Wi,^,),Si) 

of Shimura pairs. Let 'Bi := End(Wi)'^*^''^). We say fi is a PEL type embedding if the group 
Gi is the identity component of the subgroup of GSp{Wi,ipi) that fixes 25^. A Shimura 
pair that admits a PEL type embedding into a Shimura pair that defines a Siegel modular 
variety, is called a Shimura pair of PEL type (cf. [Sh], [Del], [Zi], [Ko2]). 

What follows next extends [Val, Subsect. 2.5, Ex. 5] (loc. cit. dealt with n = 2). 

Let 

(W^,V) := ®ieiiWi,eii:i), 
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where £j e {—1,1}. Let Gj := Yliei^i- ^ subgroup of both GSp(VFj, V'i) 

and GLiw Let Go be the identity component of the intersection Gj n GSp(VF, V-')- Let 
X : E> ^ K be a monomorphism that defines an element of 11^6/^*! factors through 
Go,K- We choose the e^'s (with i E I) such that either +27ri'0 or — 27ri'0 is a polarization of 
the Hodge Q-structure on W defined by x. Thus, if Xq (resp. if S) is the Go(lR)-conjugacy 
(resp. the GSp(W, V')(K)-conjugacy) class of x, we get an injective map 

fo:iGo,Xo)-^iGSp{W,i;),S) 

of Shimura pairs which we call a Hodge quasi product of /^'s. We emphasize that both 
±•0 and fo depend uniquely on the choice of x. We denote each such /o by x^jfi. 
We refer to the Shimura pair (Go, ^o) 

Hodge quasi product of {Gi,Xi)^s and we 
denote it by x^j(Gi,Xi). If n = 2, then we also denote fo by /i x-^ /2 and {Go,Xo) by 

(Gi,Xi) X^(G2,^2). 

We call a Z-lattice L oi W well adapted for fo if it is of the form ^i^jLi, where 
for each i G / the Z-lattice Li of Wi is such that we get a perfect alternating form 

ipi : Li (g)z Li Z. 

2.4.1. Facts, (a) The group Gj is the extension o/GJ^~'q by Go- We have Z^{Go) = Gm,<Q 
if and only if for all i E I we have Z^{Gi) ~ G^^q. 

(b) We assume that for each i E I the injective map fi is a PEL type embedding. 

Then fo is also a PEL type embedding. 

Proof: As Yl^eI GSp(W„ V,) is the extension ofG^-^ by GSp(W, ^)n(n,e/ GSp{W,, ^,)), 
the first part of (a) follows. The image of each Xi G Xi contains Z{GLw,(g)Qm)- Thus Z'^{Gi) 
contains the 1 dimensional split torus Z{GLw.). The first part of (a) implies that we have 
a short exact sequence Z^{Go) Ilie/^^l^i) ~^ *^m~Q ~^ ^- From the last two 
sentences we get that the second part of (a) also holds. 

Part (b) is implied by the fact that Go is the identity component of the subgroup of 
GSp(l¥, ip) that fixes the semisimple Q-subalgebra Hie/ of End(VF). □ 

3. Basic techniques and the proof of Theorem 1.3.1 

In Subsections 3.1 to 3.3 we review basic facts about Conjecture 1.1.1. In Subsection 
3.4 we prove Theorem 1.3.1. Until Section 4 we use the notations of Subsection 1.1. Thus 
Gqp is a connected subgroup of GL^^^zQ^. 

3.1. Simple properties, (a) The Mumford-Tate conjecture holds for A if and only if it 
holds for an abelian variety isogenous to Ae', where E' is a finite field extension of E. 

(b) The following three assertions are equivalent: 

(i) The abelian variety A-^ has complex multiplication (i.e., the semisimple Q-algebra 
End{A-^) <Siz Q contains a commutative, semisimple Q-algebra of dimension 2dim(^)). 

(ii) The group Ha is a torus. 

(iii) The group Gq^ is a torus. 
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The equivalence of (i) (resp. (iii)) and (ii) follows from definitions (resp. from 
Theorem 1.1.4). 

(c) As Z{Gq^) is a subgroup of Z{Ha,Qp) (cf. Theorems 1.1.3 and 1.1.4), the 
monomorphism Gq^ ^ Ha,Qp gives birth naturally to a monomorphism Gq^ ^ -^A^Qp • 

3.2. Frobenius tori. For the constructions reviewed here we refer to [Ch]. Let v, Ay, 
and / be as before Theorem 1.1.5. Until Subsection 3.4 we will assume that p ^ L Let v be 
a prime of E that divides v. Let F{v) E Gal(£') be a Frobenius automorphism of v. The 
pair {v,F{v)) is uniquely determined up to Gal(£')-conjugation. As v is a prime of good 
reduction for A, the restriction of p to the inertia group of is trivial (cf. [BLR, Ch. 7, 7.4, 
Thm. 5]). Thus the element p{F{v)) G GL^^^^q (Qp) is well defined regardless of the 
choice of F(v); it and its positive, integral powers will be referred as Frobenius elements. 
As Zp-modules, via v we identify La ®z = Tp{A) with the Tate module Tp{A^ -j^) of 
A_^ -j^; thus the Frobenius endomorphism Fry of Ay acts on La <^z Qp as p{F{v)) does. 

Let 3y := GLi(End(A^) (g)^ Q). Let Ty be the identity component of the smallest 
subgroup of 3y that has Fr„ as a Q- valued point. It is a Q-model of the identity component 
of the Zariski closure in GLl^^^q^ of the subgroup {p{F{v)'')\s G Z} of GL^^^^Qp (Qp)- 
As Fry is a semisimple endomorphism of i^A®zQp (see [Tat]), Ty is a torus. Thus T„ is 
a torus of Gq^, uniquely determined up to Im(p)-conjugation. The torus Ty depends only 
on some positive, integral power tt^ of Fry, cf. [Ch, Subsects. 3. a and 3.b]; here we can 
replace Fry by the Frobenius endomorphism of any other abelian variety By/ over a finite 
field extension k{v') of k{v) that is isogenous to 

If the finite field k{v') is large enough, then we can choose By' such that there exists 
an abelian scheme Br over a complete discrete valuation ring R of mixed characteristic 
(0, /) and of residue field k{v'), which lifts By/ and has complex multiplication. Let B := 
Br X R R[j]. We can assume that E' is a subfield of R[\]. We fix an embedding R[\] ^ C 
that extends the embedding z^; of Subsection 1.1. Let Hb be the Mumford-Tate group of 
-Be; as Br has complex multiplication, Hb is a torus. Let G^ be the centralizer of Hb 
in GL//^(5(c),Q)- Let Db be the centralizer of Cb (i.e., the double centralizer of Hb) in 
Glifj-^(^B{C),Q)- complex multiplication and as Lie(GB) is naturally identified 

with the Lie algebra of Q-endomorphisms of B^, we have a natural Lie monomorphism 
Lic(GB) > End(_B^,/) ®z Q- Each invertible element of the Q-subalgebra of End(i?^,/) ®z Q 
generated by the Frobenius endomorphism of Byi, is naturally identified with an element 
of the center of Lie(GB) and thus also with a Q-valued point of Db\ thus Ty is naturally 
identified with a subtorus oi Dr- If Br is equipped with a polarization Xb^ and if !B is 
a semisimple Q-subalgebra of End(iyi(S(C), Q))^°(^), then Ty is in fact a torus of the 
connected component of the intersection of GSp(i/i(5(C), Q), i/'s) with the centralizer of 
!B in GLj:^^(B(c),Q)- Here -i/'s is the alternating form on iiri(i?(C), Q) induced by Xbu- 

The following Lemma is due in essence to Bogomolov and Serre, cf. [Bog] and [Se3, 
pp. 31, 43, and 44]. 

3.3. Lemma. There exists a subtorus T° of Z^{Ha) that does not depend on p and such 
that Gqp is the subgroup of Ha^q^ generated by Gq®"" and Tq^ . 
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Proof: By replacing E with a finite field extension of it, we can assume that End(A) = 
End{A-^). Let Ca be the centralizer of Z^{Ha) in GLla^zQ- The group Ca is reduc- 
tive and Z{Ca) is a torus. The commutative, semisimple Q-algebra Z{Ca){Q) is a Q- 
subalgebra of 

End(L^ (8)z Qp) = End(Tp(^) (g)^, Q^) = End(Tp(A^^^)) 

which is generated by Q-lincar combinations of etale Qp-realizations of endomorphisms 
of A and thus also of Ay. Therefore Z{Ca) is naturally a torus of Let C„ be the 
centralizer of Z{Ca) in J^; it is a reductive group over Q (cf. [Bor, Ch. IV, 13.17, Cor. 2 
(a)]). We identify "Jy^q^ and C„,Qp with subgroups of GLl^^zQ^ that contain Z(C^)Qp. 

We have 7r„ e Cy{Q). Wc denote also by iVy its ctale Qp-realization (i.e., the cor- 
responding integral power of p{F{v))). Thus ity G Gq^{Qp) ^ Ha{Qp) ^ Ca{Qp)- After 
replacing 7r„ with a positive, integral power of it that divides the order of the finite group 

n Z{Ca), we can write Tiy G Ca{Qp) as a product 

TTy = TToTTi, 

where ttq G Z(Ca)(Qp) and tti G C^^''(Qp). As 7r„ G ^^^(Qp) and as Ha is a reductive 
subgroup of Ca such that Z'^{Ha) is a subtorus of Z(Cyi), after a similar replacement of 
TTy we get that ttq G Z'^{Ha){Q.p) and tti G H'^^{Qp). Let be the unique reductive 
subgroup of Cy such that we have a natural isogeny xq Z'(C^) ^ C„. As 7r„ G Ci,(Q), 
after a similar replacement of 7r„ we get that ttq G Z'(C^)(Q) and tti G C(,(Q). 

ThusTTo G Z°(ifA)(Qp)nZ(C^)(Q) = Z^\Ha){Q). Let T° be the identity component 
of the smallest subgroup of Z^{Ha) which has ttq as a Q-valued point; it is a torus. 

We now take v such that Ty^q^ is a maximal torus of Gq^, cf. Theorem 1.1.5. The 
images of Z^{Gq^), Gq^, and Ty^q^ in H^q^ are the same torus Tq^. As the images of 

TTy and TTo in Hf^^iQp) coincide, T^^ is the extension to Qp of := Im(T° Hf). 
Thus Z^{Gq ) is a subtorus of Z^{HA)q (cf. Theorems 1.1.2 and 1.1.4) that has the same 
image in H^^^ as Tq^. This implies that Z^{Gq^) — Tq^. Thus Gq^ is the subgroup of 
HaMp generated by G^^ and T^^. 

As TTo G Z{Ca){Q) depends only on v, the torus does not depend on the prime 
p ^ I. The fact that T° also does not depend on Z, is checked in the standard way 
by considering another finite prime vi of E which is of good reduction for A, whose 
characteristic is not I, and whose Frobenius torus has the same rank as T-y. □ 

3.3.1. Remark. If Ty^q^ is not a maximal torus of Gq^, then the same argument shows 
that the image of Ty^q^ in H^q^ is the extension to Qp of a subtorus of H^. 

3.4. Proof of 1.3.1. We prove Theorem 1.3.1. Let be the subgroup of Ha generated 
by Hf' and the torus of Lemma 3.3. As ^°(G'qJ = T^^, to prove Theorem 1.3.1 it 

suffices to show that we have an identity T° = Z^{Ha)- We include a proof of the identity 
T° = Z^{Ha) that is also used to get several other properties which play key roles in the 
subsequent Sections. In this Subsection we do not assume that I. 
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For Hodge cycles on abelian varieties over reduced Q-schemes we refer to [De3]. It 
suffices to prove the identity = Z^{Ha) under the extra assumptions that = E 

and that all Hodge cycles on Ac are also Hodge cycles on A, cf. [De3, Prop. 2.9 and 
Thm. 2.11]. As the torus does not depend on p, until Section 4 we will choose the 
prime v to be unramified over I. We identity Ey with B{k{y)). Let A|y(A;(i,)) be the abelian 
scheme over W{k{v)) whose generic fibre is AB{k{v))- Let (M, (f)) be the F-crystal (i.e., the 
contravariant Dieudonne module) of the special fibre A^ of AT^Y{k{v))- Thus M is a free 
W {k{v))-m.o(i\x\e of rank 2dim(A) and (/> is a Frobenius-linear monomorphism of M. Let 
be the Hodge filtration of M = Hl^^^{A^/W{k{v))) = Hl-^{Aw{k{v))/W{k{v))) defined 
by Aw{k{v))- We identify L\ Q« with Hl^{A-^^j^, Qi) as Qrvector spaces. 

For a vector space V over a field K let 7{V) := ®s,teNu{o}V^'' ®k F*®*. We identify 
End(F) = Vt^K V* C 7{V). The action of on M[j] extends in the standard (tensorial) 
way to an action of (f) on T(M[j]). Let {va)ae3 be a family of tensors of T(L^ 0^ Q^) such 
that the reductive group Gq, is the subgroup of GLla^zQi (equivalently of G'Ll'^^^zQi) 
that fixes for all a E cf. [De3, Prop. 3.1 (c)]. 

Let ta be the tensor of T(M[j]) that corresponds to Va via Fontaine comparison 
theory (see [Fo] and [Ts]). It is fixed by the action of (f) on T(M[y]) and moreover it 
belongs to the F°-filtration of the tensor product filtration of T(M[y]) defined naturally 
by the filtration (-F*[y])ie{o,i,2} of M[i], where F^ := and F° := M, and by the filtration 
of M[i]* that is the dual of (F*[i])ie{o,i,2}- 

Let GB{k{v)) be the subgroup of GL^jij that fixes ta for all a G ^; it is a form 
of GB{k(v)) cind thus it is a reductive group. Based on Theorem 1.1.2, we can assume 
that there exists a subset di of d such that {va)aedi family of all Q^-etale re- 

alizations of Hodge cycles on AB{k{v)) that belong to T(L^ Qi) (i-e., it is the fam- 
ily of all tensors of 7{L\ ®z Q) fixed by Ha). From this and [Bl, Thm. (0.3)] we 
get that {ta)a€3i the family of all de Rham realizations of Hodge cycles on AB{k{v)) 
that belong to T(M[y]). Let HA,B{k(v)) be the subgroup of GL^jij that fixes t^ for 
all a G 3i', it is a "de Rham" form of HA,B{k{v))- The existence of an isomorphism 
between the two pairs {L\ ®i B{k{v)),{va)ae2i) ^^^^ (-^[y]; (^Q:)aea) measured by a 
class 5y in the pointed set H^{B{k{v)),GB{k{v)))^ cf. Fontaine comparison theory. As 
GB{k{v)) cicts trivially on T^(^j^(^y^^ = Z^{GB{k{v))) (via inner conjugation), the image of 
Sy in H^{B{k{v)),Aut{T^^^^^^^)) is trivial. Thus we can identify T^^k{y^) = Z°{GB(k{v))) 
with the subgroup Z^{GB(k{v))) of either GB{k{v)) or HA,B{k{v))- 

Let jJLy : Gm,w{k{v)) ~^ GLm be the inverse of the canonical split cocharacter of 
(M, F^,(/)) defined in [Wi, p. 512]. Wc have a direct sum decomposition M = F^ ® F^ 
such that F'^ is fixed by and /3 G GTm,w(k{v)){W{k{v))) acts via fXy on F^ as the 
multiplication with For a E d, the tensor t^ is fixed by ^y (cf. the functorial aspects 
of [Wi, p. 513]). Thus Hv,B(k{v)) factors through GB{k(v))- 

Let i-^ : Qi C be an embedding that extends the embedding of Subsection 1.1. 
We view C as a i?(/c(f ))-algebra via the restriction of i-^ to B{k{v)). The canonical 

identification H^{A{C),Z) = L\ allows us to view Ha and Ha,c naturally as subgroups of 
the linear groups G'Lh'^(^a{C),Q) and G'Lh'^(^a{C),C) (respectively). Let P be the parabolic 
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subgroup of HA,B{k(v)) that is the normahzer of Under the standard identification 

of Mc := M[i] ®B(fc(«)) C = HIj^{Ac/C) with H\A{C), C), the groups Ha,c and Pc get 
identified with Ha,c and respectively with the paraboUc subgroup of Ha.c that normahzes 
the direct summand F^'*^ = ^w{k{v)) *C of the Hodge decomposition Mc — F^'^ © F^'^ 
of Ac. Both Ha and iiy^c are (identified with) cocharacters of Pc- 

Let g e P(C) be such that giiAg~^ commutes with //„,c- As the commuting cochar- 
acters gfiAg~^ and //„,c act in the same way on and on Mc/P^'*', they coincide. 
As l^v,B{k(v)) factors through GB{k{v)) and as ^^^^^^^^ = Z°(G'B(fc(„))), the cocharacter 
/U„ c = 9IJ'A9~^ factors through the normal subgroup of Ha,c- From the last two 

sentences, we get that both gnAg~^ and ha factor through -ff^c- to the smallest 

property of Ha (see Subsection 1.1) and the fact that fiA factors through H^^, we get 
that Ha = H% Thus = ^°(i?A)- This ends the proof of Theorem 1.3.1. ' □ 

3.4.1. Simple properties, (a) Conjecture 1.1.1 holds if A has complex multiplication 
over Q. This well known fact also follows from the property 3.1 (b) and Theorems 1.1.2 
and 1.3.1. 

(b) The monomorphism G^^ ^ H^ ^ is naturally identified up to HA{Qi)-conj\igai:tion 
with the monomorphism G-^ ^ -^aq7' the existence of the class 5y. As /ly factors 

through GB{k{v)) and as the cocharacters fiv,c and fXA of Ha,c are i7^(C)-conjugatc, there 

exists a cocharacter u'^^-^- : G ^ > Gjy- whose extension to C (via ij^ : Oz ^ C) is 

i?yi(C)-conjugate to ha- 

(c) We use the notations of Subsection 3.4. The element G GB(k{v)){B{k{v))) 
is the crystalline realization of Fvy and thus it is a semisimple element. This implies that 
the torus Ty^B{k{v)) is naturally identified with the smallest subtorus of GB{k{v)) that has 
0s[/c(t,):F(] ^ ^ S(/c(z;))-valued point, where s e N is such that tt^ = Fr^. Thus T is 

naturally identified with a torus of G-^ and therefore (cf. (b)) also of G-^. 

3.4.2. Corollary. We assume that £;conn _ ^^^^ ^ unramified over I, that k{v) — ¥i, 
and that Ty has the same rank as Gq;. We also assume that Ty is (isomorphic to) a torus 
of Ha in such a way that there exists an element gy e Ha{Qi) with the property that the 

torus gyT^^g~^ of H^^^ is a maximal torus of G^. Let i^ : Qi ^ C be an embedding 
that extends the embedding iE '■ E ^ C of Subsection 1.1. Let ^[{Ha^Xa) be the set 
of cocharacters of H^ ^ whose extensions to C via i-^ belong to the set ^{Ha, Xa) of 
cocharacters of Ha,c defined in Subsection 2.2. Then the torus ^ ^a q7 '^^ generated 
by images of certain cocharacters in the set €i{Ha,Xa)- 

Proof: We can choose the element gy such that the cocharacter A*^*q- of the property 3.4.1 

(b) factors through gyT^-^g~^ . As the cocharacters jiy^c and ha are P(C)-conjugate (see 

Subsection 3.4) and thus also iy_A(C)-conjugate, the set €i{Haj Xa) is the set of Ha{Qi)- 
conjugates of the Gal(Q)-conjugates of the cocharacter g~^ij,'^*—gy of the extension of Ty 

to Qi (equivalently to Q). But up to Gq, (Q;)-conjugation, we can choose the cocharacter 
u^*_ : >■ Gjr such that q~^ij,'^^—qy is a strong Hodge cocharacter of T, in the 

sense of [Pi, Def. 3.14] (see [Pi, Prop. 3.13 and paragraph before Def. 3.14]). Thus the 
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fact that ^ is generated by images of certain cocharacters in the set €i{Ha, Xa) is only 
a weaker form of [Pi, Thm. 3.16]. □ 



4. Injective maps into unitary Shimura pairs of PEL type 

In Subsections 4.1 to 4.9 we include different rational versions of the embedding 
results of [Sal]; the approach is close in spirit to [Sa2], [De2, Prop. 2.3.10], and [Val, 
Subsects. 6.5 and 6.6]. Corollary 4.10 classifies all adjoint Shimura pairs that are adjoints 
of Shimura pairs of PEL type. Until Section 5 the notations are independent of the ones 
of Subsections 1.1, 1.3, or 1.5. 

Until Subsection 4.9 let {G, X) be a simple, adjoint Shimura pair of abelian type. 
Thus G is a simple, adjoint group over Q. Let F := F{G,X). We write G = ReSi?/QG[F], 
cf. Subsection 2.2. For a totally real number field Fi that contains F, let G^^ := 
ResF^/QG[F]F, and (G^X) ^ {G^\X^^) be as in Subsubsection 2.2.3. 

4.1. Proposition. We assume that the simple, adjoint Shimura pair {G,X) is of 
type. Then there exists an injective map 

f2:{G2,X2)-^{GSp{W,i;),S) 

of Shimura pairs such that the following two properties hold: 

(i) the adjoint Shimura pair (G|^,Xfd) is isomorphic to {G,X); 

(ii) the group G2 is the subgroup o/GSp(W,V') that fixes "B := En(i(W^)^2(Q) ^^/j^^ 
/2 is a PEL type embedding). 

Proof: Let G[F]®'^ be the simply connected semisimple group cover of G[F]. The group 
G^^ := ReSi?/QG[F]®'^ is the simply connected semisimple group cover of G. Let T be a 
maximal torus of G^'^. Let Fq be a finite field extension of F such that the group G[F]^^^ is 
split (i.e., it is an SL„_|_i group). For instance, we can take Fq to be the smallest Galois 
extension of Q such that the torus Tp^ is split. Let K be a totally imaginary quadratic 
extension of F that is linearly disjoint from Fq; if n = 1 and G[F] is non-split (i.e., if 
(G, X) is of compact Ai type), then we choose K such that G[F]k is also non-split. If 
n > 1 (resp. n = 1) let Eq be Fq (resp. be Fq K). Let Wq be an Fo-vector space of 
dimension n + 1. Let W2 := Wq ®Fo Eq; when we view W2 as a Q- vector space we denote 
it by W. We identify G[F]f^ = GL^^^ and thus also G[F]f^ = GL^^. We have natural 
monomorphisms G^'^ ^ ResEo/QG[FY£^ ^ GL^^ and thus we can view G^^ as a subgroup 
of GLw Next we follow the proof of [De2, Prop. 2.3.10]. 

Let § be the set of extremal vertices of the Dynkin diagram D of Lic{G-^) with 
respect to and a Borel subgroup of G-^ that contains T^. The Galois group Gal(Q) acts 

on S (see Subsection 2.2). If n > 1 we can identify § with the Gal(Q)-set HomQ(IK, Q), 
where X := /(G, X) is a totally imaginary quadratic extension of F. If n = 1 let % := K. 
Always OC is a subfield of Eq and thus W2 is naturally a 3C-vector space. Therefore the torus 
T := Resx/QGrn,x acts naturally on W. If n > 1 this action over Q can be described as 
follows: if Vb is a simple G|^-submodule of VF(8)qQ whose highest weight is the fundamental 
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weight associated to a vertex n e S, then Tq acts on Vq via its character that corresponds 
naturally to n. As X is a totally imaginary quadratic extension of F, for n > 1 the extension 
to M of the quotient torus 7/Kesp/QGrn,F is compact. This implies that the maximal 
subtorus 7c of 7 which over M is compact, is isomorphic to 7/KesF/qGm,F and therefore 
it has rank [F : Q]. 

The centralizer C of G^'^ in GLw is a reductive group and Z{C) is a torus of rank 
equal to 2[F : Q] if n > 1 (resp. to [F : Q] if n = 1). If n > 1 (resp. n = 1) we 
view T and as subtori of Z{C) (resp. of C). Let Tc,+ be the torus of C generated 
by 7c and Z(GLvk); its rank is [F : Q] + 1 and it commutes with G^'^. Let G2 be the 
reductive subgroup of GJjw that is generated by G^^ and Tc,+; thus we have Gf^'' = G^^ 
and Z'^iG'i) = Tc,+. The centralizer C2 of G2 in GLvk is also a reductive group. Let % 
be the semisimple Q-subalgebra of End(Vr) defined by the elements of Lie(C2). We have 
S = End(W^)^2(®. 

We fix an element a; G X. We will construct a monomorphism 0:2 : S "-^ G2,r 
such that it defines a Hodge Q-structure on W of type {(—1,0), (0,-1)} and it lifts the 
homomorphism a; : S ^ G^^ = G^. 

Let ^ := Hom(Q(F,Rj. We have = ^^e9^ GiFf" x f,z For z G 9^ let Vi be the 
real vector subspace of W M generated by its simple G[FY'^ Xp^ M-submodules. We 
have a product decomposition Tr = IlieJH ^ dimensional tori such that for each pair 
(z, z') G 9^^, the torus Tj acts trivially on Vi' if and only if i ^ i'. Each Tj is isomorphic to 
S and acts faithfully on Vi. We have 

where Tc,i is the 1 dimensional compact subtorus of Tj. The direct sum decomposition 

^ (g)Q R = ®i^y^Vi 
is normalized by G2,k- We have a unique direct sum decomposition 
(2) Vi^mC = V+ e V- 

such that Tc acts on each V^^ via a unique character that is uniquely determined by the 
pair {i,u) (here u G { — ,+})• Each G'^'^^-module V^^ is isotypic (i.e., is a direct sum of 
isomorphic simple G2^£-modules). More precisely, the highest weight of the representation 
of the factor GfF]^*^ x p^iC of Gp^ on is Wsi(u)-i where Sj : {+, — } {1, n} is a surjective 
function. Thus li :— Im(Ti GLy.) is the center of the centralizer of C2,k in GLy^. 

We will take X2 §> ^ G2,r such that its restriction to the split subtorus Grn,R of § 
induces an isomorphism Gm,R — * Z{GLw0qr) and the following two properties hold: 

(a) if i G 9^ is such that G[F] x ^ ^ M is non-compact, then the homomorphism S — > 
GLiVi defined by X2 is constructed as in the proof of [De2, Prop. 2.3.10] (thus this 
homomorphism factors through Im(G2,R — > GLy.), defines a Hodge M-structure on 
Vi of type {(—1,0), (0, —1)}, and it is uniquely determined by these two properties 
and the fact that it lifts the homomorphism § — > G[F] x p^i R defined by x); 
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(b) if i e £H is such that G[F] XF,i R is compact, then the homomorphism § GL^^. 
defined by X2 is a monomorphism whose image is naturally identified with /j (and 
thus whose image in G[F] x M is trivial). 

For the rest of the proof it is irrelevant which one of the two possible natural iden- 
tifications of (b) we choose; each such choice is obtained naturally from the other one via 
the standard non-trivial automorphism of the compact subtorus of S. 

Let X2 be the G2(IR)-conjugacy class of X2- The homomorphism X2 lifts x E X, cf. (a) 
and (b) and the fact (see Subsection 2.2) that the image of x in each simple, compact factor 
of Gk is trivial. Therefore the pair (6^2,-^2) is a Shimura pair whose adjoint is naturally 
isomorphic to {G,X). Thus (i) holds. The torus T splits over the field of CM type which 
is the Galois extension of Q generated by %. Due to (a) and (b), the homomorphism X2 
defines a Hodge Q-structure on W of type {(—1, 0), (0, —1)}. From the last two sentences 
and [De2, Cor. 2.3.3], we get that there exists a non-degenerate alternating form iponW 
such that we have an injective map /2 : (6^2,^2) ^ (GSp(W, V'), '5) of Shimura pairs. 

The representation of G^^onW (8)q Q is a direct sum of irreducible representations 
of dimension n + 1 which (as Q-vector spaces) are isotropic with respect to ifj. For all 
n>l, the number of non-isomorphic such irreducible representations is 2[F : Q]. Thus 
the subgroup G' — of GSp(VF ®q Q, 'i/') that centralizes S (8)q Q (equivalently C2 q) is 

a reductive group that has the following properties: it contains G^q, ^2%^ ~^^^^^^^q'> 
and Z^(G' —) By reasons of dimensions we have G^n = G' —. Therefore the 

^ 2,Q^ m,Q 2,Q 2,(Q 

subgroup of GSp(VF, '0) that centralizes !B (equivalently C2) is G2. Thus (ii) also holds. □ 

4.1.1. Two properties, (a) The double centralizer G5 of G2 in GLw is such that G^ q 
is isomorphic to GL^^^ *?! and G%^ is Resgc/QGfFjjc- The semisimple Q-algebra !B has % 

as its center and thus it is simple. Moreover, if n > 1 (resp. n = 1) and {G,X) is of 
strong compact type (resp. of compact type), then from the description of % in the proof 
of Proposition 4.1 we get that the 3C-rank of G[F]% is 0; thus the Q-rank of G'^ is also 0. 

(b) We assume that there exists a number a e N such that n = 2a — 1 and G^ = G2 r 
is a product of SU(a, a)^ groups. Then the monomorphism ^2 : S "-^ ^2,1^ factors through 
the subgroup of G2,r generated by and Z(GLvi/®qr), cf. [De2, Rms. 2.3.12 and 

2.3.13]. In other words, the homomorphism § — > GL^. of the property 4.1 (a) factors 
through the subgroup of GLy-. generated by Im(G2R ~^ GLvJ and Z(GLvJ. 

4.1.2. A variant of 4.1. We refer to the proof of Proposition 4.1 with n > 1 and with 
(G, X) without involution. We take Eq to be Fq<SifK, with K a totally imaginary quadratic 
extension of F that is linearly disjoint from X = I{G, X). Let T := ^esx^pK/Q^m,XiSiFK- 
As in the proof of Proposition 4.1, W is naturally a !K (S>f -^-niodule and thus a T-module. 
Let 7c and Tc,+ be the subtori of T obtained as in the proof of Proposition 4.1; their ranks 
are 2[F : Q] and 2[F : Q] -|- 1 (respectively). We take G2 to be defined as in the proof of 
Proposition 4.1. We have a unique direct sum decomposition in G2,c-iiiodules 
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such that all irreducible subrepresentations of the representation of Gg^c (resp. of Z°(G2,c)) 
on ® (resp. on © V^^"'") are isomorphic; here u e {-,+}• 

The proof of [De2, Prop. 2.3.10] guarantees the existence of a monomorphism X2 '■ 
§ G2,R such that it defines a Hodge Q-structure on W of type {( — 1,0), (0, —1)} and 
it lifts the homomorphism x : S ^ ^IIr ~ ^k- -^^ proof of Proposition 4.1 we 

argue that there exists a non-degenerate alternating form ip on W such that we have 
an injective map /2 : ((^2,-^2) ^ (GSp(W, V'), S") of Shimura pairs. The representation 
of G2 Q on (8)Q Q is a direct sum of irreducible representations which (as Q-vector 
spaces) are isotropic with respect to t/j. But this time the number of non-isomorphic 
such irreducible representations is 4[F : Q]. Thus the subgroup G4 of GSp(VF, •0) that 
centralizes !B = End(VF)^2*^^^ is not G2 but a reductive group with the property that G^^^ 

is isomorphic to (G^'^i-)^. 

As G2 ^ G4 ^ GSp{W, •0) and as obviously there exists no simple factor of G^'^ 
that over M is compact, the G4(]R)-conjugacy class X4 of X2 has the property that we have 
injective maps ((^2,-^2) ^ (G'4,X4) ^ {GSp{W, ip) , S) of Shimura pairs. The injective 
map (G4, X4) (GSp(VF, i/;), 5") of Shimura pairs is a PEL type embedding, cf. the very 
definition of G4. As Fq ®f -f^ is a field (cf. our linearly disjoint assumption), the center 
of the Q-algebra B is a Q-subalgebra of Fq (^p K and thus it is a field. Therefore the Q- 
algebra S is simple. Thus the injective map {G, X) = (Gf, Xf) ^ (Gf, Xf) of Shimura 
pairs is as in (1) of Subsubsection 2.2.3, with Fi as the unique totally real quadratic 
extension of F contained in Fq ®f K. We have identities E{G2^,X2^) = E{G,X) = 
E{G^\X^^) = E{Gf,Xf), cf. Subsubsection 2.2.3. 

4.1.3. Remark. If in Proposition 4.1 (resp. in Subsubsection 4.1.2) we have n > 1 and 
we can take G2 (resp. G4) such that Z^{G2) = G^^q (resp. such that Z^{G/^ = G^^q), 
then the property 4.1 (ii) (resp. the part of Subsubsection 4.1.2 that involves PEL type 
embeddings) does not hold anymore. 



4.2. The group G. Until Subsection 4.9 we will assume that (G, X) is of Bn, Cm D^, 

or type. All simple, non-compact factors of Gk are isomorphic. We now introduce the 
"simplest" absolutely simple, adjoint group over Q with the property that Gk is isomorphic 
to each simple, non-compact factor of Gm. Depending on the type of {G, X) we take G as 
follows (the values of n are such that we do not get repetitions among the Shimura types). 

• If (G, X) is of Bn type {n > 1), then G := SO(2, 2n - 1). 

• If (G, X) is of Cn type (n > 2), then G := Sp|^ q. 

• If (G,X) is of type (n>4), then G := SO*{2n)^. 

• If (G, X) is of type (n >4), then G := SO(2, 2n - 2)^'^. 

Let G^'^ be the simply connected semisimple group cover of G. Let x : S ^ Gm be 
a homomorphism whose G(IR.)-conjugacy class X has the property that the pair (G, X) is 
a Shimura pair. We know that x is unique up to G(R)-conjugation and possibly up to a 
replacement of it by its inverse, cf. [De2, Prop. 1.2.7 and Cor. 1.2.8]. 
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4.3. The group G{A). Until Subsection 4.9 we will have the same restrictions on n as 
in Subsection 4.2. Let the group G{A) over Q be defined by the rules: 

• if {G,X) is of Bn or type, then G{A) := SU(2^-i, 2"-i); 

• if (G, X) is of Cn or type, then G{A) := SU(n, n). 

These rules conform with [Sal, Subsects. 3.3 to 3.7 or p. 461]. Subsections [Sal, 1.1 
and 3.3 to 3.7] are stated in terms of simple Lie algebras over M and show the existence 
of a Lie monomorphism dh-R : Lie(G^*^) ^ Lie(G(A)]R) that satisfies the condition {H2) of 
[Sal, end of Subsect. 1.1]. This condition says that we have an identity 

(3) (dhm o dx){^/^) = dy{^/^) e LieiGiA)^^), 

where G C = Lie(S), where x is as in the end of Subsection 4.2, and where y : 

S — > G{A)^ is a homomorphism that induces a monomorphism S/G^^k ■— > G{A)'^ whose 
image is the identity component of the center of a maximal compact subgroup of G{A)^. 
Here dx and dy are the Lie homomorphisms induced naturally by x and y (respectively). 
Let 

hR'. G^ G{A)-R 

be the homomorphism of finite kernel whose differential at the level of Lie algebras is dh-R. 

The only difference here from [Sal, Subsects. 3.3 to 3.7 or p. 461] is the follow- 
ing one. See [He, Ch. X, Sect. 6, Table V] for the classification of hermitian sym- 
metric domains. If (G, X) is of type, then X is two copies of the hermitian sym- 
metric domain BDI{2,2n — 2) associated to the group SO(2, 2n — 2)|*^. In [Sal, Sub- 
sect. 3.5] this hermitian symmetric domain is embedded into the hermitian symmetric 
domain A 111(2''-^, 2''-'^) associated to the group SU(2''-2, 2^-2);^^. We have two such 
embeddings: they correspond to the two half spin representations of G^. We get our 
hR by working with the spin representation of G^ i.e., by composing the homomorphism 
fiR : G^ SU(2^-2,2"-2)k Xk SU(2"-2, 2"-^)^ defined by the mentioned two embed- 
dings with a standard monomorphism 

A : SU(2^-2, 2^-^)^ Xm SU(2^-2, 2^-^)^ SU(2— 1, 2'^-1)m. 

It is easy to see that A is uniquely determined up to SU(2"^~^, 2"~^)iR(R)-conjugation. 

Let Va be a complex vector space such that G{A)c is (isomorphic to) GL^'^''. If 
(G, X) is of Cn or (resp. or D^) type, then the representation of G^ on Va is the 
standard (resp. is the spin) representation of dimension 2n (resp. 2"^). 

4.3.1. Simple properties, (a) We assume that {G,X) is of type. Thus G^'^ is 

Spin(2, 2?i — 2). We check that /im is the composite h^^ : Spin(2,2n — 2)ir — ^ G{A)r 
of a standard monomorphism Spin(2, 2n — 2)r > Spin(2, 2n — 1)r with the monomor- 
phism Spin(2, 2n — 1)r ^ G{A)]^ we mentioned above but for the 5„ type case. The 
representation of G^ on Va is the spin representation, regardless if this representation is 

obtained via Hr or via Thus the double centralizer of Im(/i^^'') in G{A)^ has a derived 

group D whose extension to C is isomorphic to SL2„-i As h^^ satisfies at the level of 
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Lie algebras the condition (^^2) and as Im(/ij^'^) ^ Z) ^ G{A)-r, D has a compact torus 
of the same rank as D. Thus each simple factor of D^"^ is absolutely simple and of the 
form SU(2"-i - a,a)^ for some a G {0, . . . ,2^^-!} (see [He, Ch. X, Sect. 6, Table V]). 
The homomorphism D satisfies at the level of Lie algebras the condition (-^2) (as 

h^^ has this property). Thus from [Sal, Subsect. 3.3] we get that L> is a product of two 
copies of 811(2"^"^, 2"^~^)]k (i.e., a is 2"~^) and that the homomorphism D can be 

identified with of Subsection 4.3. Also A can be identified with the monomorphism 
D ^ G{A)]^. We conclude that /ir can be identified with 

(b) The finite group Ker(/iK) is trivial if and only if (G, X) is of C^, or type 
(cf. the description of the G|?-module Va)- 

(c) Prom now on we take Hm. such that it is the extension to R of a homomorphism 

h: G^^ ^ G{A) 

over Q (thus the notation h^. is justified). The fact that such a choice of h^. is possible 
follows from the constructions in [Sal, Subsects. 3.3 to 3.7]: one only has to take A to be 
defined over Q and to replace in loc. cit. M, C, and EI by Q, Q(i), and respectively by the 
standard quaternion algebra Q{i,j) over Q. Let 

4.3.2. Fact. Let K be a field of characteristic . Let Gj^ > G{A)k be the monomorphism 
defined by Hk '■ Gk ~^ G{A)k. Then the centralizer of a maximal torus ofGj^ in G{A)k, 
is a maximal torus of G{A)k- 

Proof: We can assume that K is C. Each such centralizer is a reductive group, cf. [Bor, 
Ch. IV, 13.17, Cor. 2 (a)]. Thus to prove the Fact, it suffices to show that the centralizer 
of a maximal torus T of G^ in G\-iy^ is a torus. It suffices to check that all weight spaces 
of the representation of T on Va have dimension 1. The fact that this holds is a basic 
property of minuscule weights (cf. [Bou2, pp. 127-129]) but for readers' convenience we 
recall one simple way to argue it. 

If (G, X) is of Cn (resp. D^) type, then the monomorphism G^ ^ ^^Va ^ 
standard Sp2n,c GL2n,c (resp. S02n.c ^ GL2n.c) monomorphism and it is well 
known that all the mentioned weight spaces have dimension 1. If (G, X) is of or Df^ 
type, then the representation of G^ on Va is a spin representation and thus (cf. [FH, 
Props. 20.15 and 20.20]) all the mentioned weight spaces have dimension 1. □ 

4.4. Lemma. There exists a totally real finite field extension Fi of F of degree a divisor 
of 2 and such that the group G[F]f^ is an inner form ofGpi- 

Proof: The group G[F] is a form of Gp- If (G, X) is of or Cn type, then this form 
is inner and thus we can take Fi = F. Let now (G, X) be of or type (n>4). 
Let Aut{GF) be the group scheme of automorphisms of G^?. The group G^? is a normal 
subgroup of Aut{GF) and the quotient group Q := Aut{GF) /Gp is Z/2Z if n > 5 and is the 
symmetric group S3 if n = 4. We have a short exact sequence 1 — > Qi — > Q — > Z/2Z — > 1, 
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where Qi is Z/3Z if n = 4 and is the trivial group if n > 5. Let Auti{GF) be the normal 
subgroup of Aut{GF) which contains Gp and whose group of connected components is Qi. 

Let 60 G H^{F, Aut{GF)) be the class that defines the form G[F] of Gp. In the etale 
topology of Spec(F), the non-trivial torsors of Z/2Z correspond to quadratic extensions of 
F. For each embedding F ^ R, the group G[F]r is either Gr or the compact form of (5k; 
thus G[F]r is an inner form of Gm (cf. [De2, Subsubsect. 2.3.4]). This implies that there 
exists a smallest totally real finite field extension Fi of F of degree a divisor of 2 and such 
that the image of Sq in H^{Fi, Aut{GF) fJ is the image of a class di G H^{Fi, Auti{GF) fJ- 
The Shimura pairs {G, X) and (G^S X^^) have the same type that is either or D^, cf. 
Subsubsection 2.2.3. If n = 4, then from the very definition of the Df and Df types we 
get that the image of Si in H^{Fi,Qi) is trivial. We conclude that for all n>4, di is the 
image of a class in H^{Fi,Gfi)- Thus is an inner form of G_f^ for all n >4. □ 

4.5. The twisting process. Let 5 G H^{Fi, Gf^) be the class that defines the inner form 
G[F]f, of Gf,. Let be the image of G"^ in G(^)^'i. If (G,X) is not of type, then 
the representation of G^ on Va is irreducible and this implies that Z{G^) is a subgroup of 
Z{G{A)); thus G'^ is an adjoint group. 

In this paragraph we assume that (G, X) is of type. The group G| is the image 
of Spin(2,2n-2)K in SO(2,2n-l)K (cf. property 4.3.1 (a)) and thus it is SO(2,2n-2)K. 
This implies that Gg is SO(2, 2n — 2) and thus /i2,Q— ^ ker(G'' G®). The compact 
inner form SO(2ri)]K of SO(2,2n — 2)]r is obtained by twisting through a class in the set 
ifi(M,SO(2,2?i - 2)m). Thus the obstruction of lifting 5 to a class 5^ G ifi(Fi,G|,J, is 
measured by a class 62 G iy^(Fi,//2,Fi) whose image in i/^(M, /i2,R) under each embedding 
Fi ^ M is trivial. Let D2 be the division algebra of center Fi that corresponds to 62- 
Based on [Ha, Lem. 5.5.3] applied to the reductive group GLi(!D2), we get the existence 
of a totally real finite field extension F2 of Fi which has a degree that divides 2 and which 
is a maximal commutative Fi-subalgebra of D2. By replacing Fi with F2 we can assume 
that S2 is the trivial class. 

Thus, regardless of the type of (G, X), by requesting only that the degree [Fi : F] 
divides 4 we can assume that 5 is the image of a class 5e G H^{Fi,Gp^). Let he : G^ ^ 
G{A)^'^ be the monomorphism defined by h. We use Sg to twist he,Fi- By performing such 
a twist and by lifting the resulting monomorphism via isogenies, we get a monomorphism 

h'F,:G[FfF,-^G{AYF,- 

Here G[F]p^ is the isogeny cover of G[F]fi that corresponds to the isogeny cover G'^ of G 
and G{Ayp^ is the resulting inner form of G(A)_p^ (the upper index t stands for twist). 

4.6. Lemma. // by extension of scalars under an embedding Fi ■— R, the group G[F]f^ 
becomes a compact group (resp. it becomes Gr), then under the same extension of scalars 
G{Ayp_^ becomes a compact group (resp. it becomes G{A)r). 

Proof: We have to prove that if we twist he,R : G| ■— > G{A)^ through the compact inner 
form of G^, then the inner form 3^^ of G{A)^ we get is the compact form. This can be 
proved using Cartan decompositions (see [He]). Here we include a proof of this that relies 
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on Lemma 1.1.7. Based on the property 4.3.1 (a), the case of type gets reduced to the 
Bn type case. Thus it suffices to consider the cases when (G, X) is of B^, Cn, or type. 
Let J be the simply connected scmisimple group cover of J^'^. 

Let C be a maximal compact subgroup of J. Let Va be as before Subsubsection 
4.3.1. We identify Jc = G'L'pJ. If Tr is a maximal compact torus of G^, then the map 
H^{R,Tm) iy^(M,G|) is surjective (see [Kol, Lem. 10.2]). Thus, as Tr is contained in 
a maximal compact torus T{A) of G{A)^j we get that T{A) is isomorphic to a torus of 3. 
As the maximal compact Lie subgroups of J(]R) are J(M)-conjugate (see [He, Ch. VI, Sect. 
2, Thm. 2.2 (ii)]), C has a subgroup isomorphic to T{A). Thus C has the same rank as 3. 

The representation of on Va is irreducible. Thus the (^^.-module Va is simple. But 
up to J(C)-conjugation, we can assume that Gf. is a subgroup of Cc- Thus the Cc-module 
Va is also simple. From Lemma 1.1.7 applied to the inclusions Lie(Cc) ^ Lie(Jc) 
End(VA), we get that Lie(Jc) = Lie(Cc). Thus 3 = G i.e., the group 3 is compact. □ 

4.7. The Shimura pair (Gi, Xi). Let Gi be the adjoint group of Gf^ := ReSi?^/QG(A)^^. 
Each simple factor of Gi^r is either compact or an SU(a, a)^ group for some a e N, cf. 
Lemma 4.6. This implies the existence of an adjoint Shimura pair of the form (Gi,Xi); it 
is uniquely determined (cf. [De2, Prop. 1.2.7 and Cor. 1.2.8 (ii)]). 

4.8. Theorem. We recall that (G, X) is a simple, adjoint Shimura pair of B^, Cn, D^, 
or type and that Fi is a totally real finite field extension of F of degree a divisor of 4. 
There exist injective maps 

/2 : (G2,X2) (G3,X3) {G4,X^)h{GSp{Wi,il;i),Si) 

of Shimura pairs such that the following seven properties hold: 

(i) we have {Gf,XI'') = {G,X), {Gf,Xt) = (G^'^X^^), {Gf,Xf) = {G^,X^), 
and Gf = Gf ; 

(ii) we have a natural monomorphism Gl'* ^ G^'^ which under the identifications of 
(i) is nothing else hut the natural monomorphism G ^ G^^ ; 

(iii) we have C^^"^ = ResF^/qG[F]'p_^ and under this identification and of the ones of 
(i), the monomorphism G'^^^ ^ G'^^ becomes the Resp^/q of hp^ (of Subsection 4-5); 

(iv) if {G,X) is not (resp. is) of type, then we have E{G2,X2) = E{G3,Xs) = 
E{G^,X4) (resp. we have E{G2,X2) = EiGs^Xs)); 

(v) both Z^{G2) and Z^{Gs) are subton of Z^{G^); 

(vi) if (GjX) is not of type, then both G2^^ and G'^^'^ are simply connected; 

(vii) the group G4 is the subgroup of GSp(VFi, V-'i) that fixes all elements of the 
semisimple Q-algebra 23 := End(Wi)'^'^^'^^ (thus f4 is a PEL type embedding). 

Proof: Let /4 : (G4,X4) ^ (GSp(VFi, -i/'i), 5*1) be obtained as in Proposition 4.1 but 
working with (Gi,Xi) (instead of {G,X)). Thus (vii) holds (cf. property 4.1 (ii)) and 
we have Gf' = Gf and {Gf,Xf) = (Gi,Xi). We take G3 to be generated by Z^iG^) 
and by the semisimple subgroup ReSi?^/QG[F]^^ of G4*'^. This takes care of (iii) and 
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we have Z^{Gs) — Z^{G4). We take G2 to be the reductive subgroup of G3 such that 
Z^{G2) = Z^{G4) and (ii) holds. Thus (v) also holds. 

The monomorphism G'^'^^ > Gf^^ is a product of [Fi : Q] monomorphisms that 
can be identified either with the monomorphism G^ > G{A)^ defined naturally by or 
with a monomorphism between compact groups, cf. Lemma 4.6. Thus from (3) and the 
uniqueness part of Subsection 4.7, we get the existence of elements x E X and xi e Xi 
such that the image of dx{\/—l) G Lie(GK) in Lie(Gi^R) is dxi{\/—l) e Lie(Gi^K)- But 
G|'^(Q) is dense in ^^'^(M) and therefore it permutes transitively the connected components 
of Xi = X^'^. Thus by composing the monomorphism G4 ^ GSp(VFi, i/'i) with an 
isomorphism G4^G4 defined by an element of G4'^(Q), we can choose x and xi such 
that xi is the image in Xi = Xf*^ of a point X4 e X4. Therefore the monomorphism 
X4 : S ^ ^4 11 factors through 6*2,11 in such a way that the resulting homomorphism 
S — s> G2% = Gr is an element of X. Thus by taking X2 (resp. X3) to be the ^2(1^)- 
conjugacy (resp. the G3(M)-conjugacy) class of the factorization of X4 through G2,k (resp. 
through Gs^r), we get that (i) holds. 

To check (iv), let * e {2,3,4}. The reflex field of E{G^,X^) is the composite 
field oiE{Gf,Xf) and E{G'f,X'f), cf. Subsection 2.2. But {Gf,Xf) and thus also 
E{Gf, X^^) does not depend on *. Moreover, we have E{Gf, Xf) = E{Gf, Xf) (cf. 
Subsubsection 2.2.3). We now assume that (G, X) is not of D'^ type. Let (2)*, UxJ be the 
analogue of (2),nx) of Subsection 2.2 but for the Shimura pair E{Gl'^, X^"^). We recall 
from [De2, Rm. 2.3.12] that E{Gf,Xf) (resp. E{Gf,Xf)) is the fixed field of the 
subgroup of Gal(Q) that stabilizes the union of the connected components of 2)3 (resp. of 
2)4) that correspond to compact factors of Gl^j^ (resp. of Gf^^). From this and Lemma 
4.6 we get E{Gf, Xf) = E{Gf, Xf). Thus (iv) holds. 

Condition (vi) follows from the construction of /i^^ and the property 4.3.1 (b). □ 

4.8.1. Remark. We assume that n G 2 + 2N and that {G, X) is of inner type. Then 
we have a variant of Subsections 4.3 to 4.8 in which we work with only one fixed half spin 
representation of G^. Thus the group G{A) becomes SU(2"^~^, 2"^"^), we have [Fi : F] < 2 
(i.e., in Lemma 4.4 we have Fi = F and in Subsection 4.5 we do not have to replace Fi by 
F2), and the groups Gp^ and Gp^ are products of Spin2^ q/ q groups which for n 7^ 4 
are not SOg^ q groups. 

Also if {G, X) is of non-inner Df type, then we have a variant of Subsections 4.3 to 
4.8 in which we construct h : ^ G{A) as for the type. Thus G{A) is SU(4,4), 
Fi 7^ F, and due to the non-inner assumption the groups Gp^ and Gp^ are products of 

Sping Q groups. 

4.8.2. Remarks, (a) In the proof of Proposition 4.1, the degree [Fq : Q] is bounded 
in terms of dim(TQ) and thus also of the rank of Gc. Moreover, in Theorem 4.8 we have 
[Fi : F] <4. Thus there exists an effectively computable number M{G,X) G N such that 
in Proposition 4.1 (resp. Theorem 4.8), we can take the injective map /2 : {G2-,X2) ^ 
(GSp(W,V),-S') (resp. /2 : {G2,X2) ^ (GSp(W^L, Vi), -S*!)) of Shimura pairs in such a 
way that the following inequality dimQ(W^i) <M{G,X) holds. 

(b) We assume that (G, X) is of type. We denote also by /i : G^ G{A) the 
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monomorphism defined by h. Then there exist monomorphisms over M 
(4) Gi H G{A)j, 'A" Sp4n,M SU(2n, 2n)M 

which at the level of Lie algebras satisfy the condition {H2). Argument: see [Sal, Subsect. 
1.4] for /ii,K; as /i2,R we can take the analogue of /ik but for the type. 

By reasons of ranks of maximal compact subgroups, SU(2n, 0)k is not a subgroup 
of a non-compact form of Sp4^^K. Thus Lemma 4.6 also holds in the context of /ti^R. As 
in the property 4.3.1 (c) we argue that (4) is the extension to M of monomorphisms h, 
hi, and /i2 over Q. Therefore Subsections 4.3 to 4.8 can be adapted in the context of the 
monomorphisms h, hi, and h2 to get that we can choose /2 and such that the injec- 
tive map /4 : {G4,X4) ■— {GSp{Wi,'iJji), Si) of Shimura pairs factors as injective maps 
((^4, X4) ^ {Grj,Xrj) "-^ (6*6,^6) ^ {GSp{Wi,'i/ji), Si) of Shimura pairs and moreover, 
besides properties 4.8 (i) to (v), we also have the following four extra properties: 

(i) the group Gq is the subgroup of GSp{Wi,ipi) that centralizes the semisimple 

Q-algebra 'Bq := End(Vt^i)^6(Q). 

(ii) the monomorphisms ^ Gf' ^ ^ and Gf' ^ Gf" are Resj.,/Q 
of inner twists of the monomorphisms hj?-^, hi^p^, and /i2,Fi (respectively); 

(iii) the torus Z'*^(G*) does not depend on * g {2, ... , 6}; 

(iv) the group G3 is the identity component of the subgroup of G5 that centralizes 
the semisimple Q-algebra 'Bz := End(W^i)<^3(Q). 

Property (iv) is an easy consequence of (iii). As G"^-^ is a product of Sp, q groups, 

the relative PEL property expressed by (iv) is a fundamental tool in showing that many 
properties enjoyed by {G^,X^) are as well enjoyed by {Gz,Xz) and thus implicitly by 
(^2,-^2) (wc have in mind mainly applications to the Langlands-Rapoport conjecture 
mentioned in Subsubsect. 1.2.1). In other words, this relative PEL type property "com- 
pensates" the fact that ^2'^'' and Gg*^"^ are not simply connected. 

(c) We assume that (G, X) is of type. The monomorphism G'^-^ ^ ^4^^ 
a product of [Fi : Q] copies of the spin (representation) monomorphism Spin2^ q ^ 
SL2„ q. Thus the identity component of the centralizer of Gg'^'^ in Gf^^ is a torus of 
rank [Fi : Q]. Let G3.5 be the reductive subgroup of G4 generated by G3 and Z3. Let 
Gs.75 be the reductive subgroup of GSp(W^i, i/^i) that centralizes End(W^i)*^3(Q)_ ^vVe have 
monomorphisms G3.5 ^ G3.75 ^ G4 which give birth to an identity Z°(G3.5) = ^"(Gs.ts)- 
Moreover, the group G"^^^ — is isomorphic to SL^^'^^V"!:- 

' ° ^ 3.75,Q ^ 2"-i,Q 

4.8.3. Special cases. We refer to Theorem 4.8. All simple factors of Gi,k are either 
compact or are SU(a,o)R groups, where a e N. Thus {Gi,Xi) is without involution. For 
the rest of this Subsubsection we will assume that all simple factors of Gr are non-compact. 
From Lemma 4.6 we get that all simple factors of Gi^k and G^^lji are also non-compact. 
Thus the homomorphism X4 : E> G^^^ of the proof of Theorem 4.8 factors through the 
extension to R of the subgroup of G4 generated by Gf^'^ and by Z{G'Lwi), cf. property 4.1.1 
(b). Thus we can choose /2 such that we have Z^iG'i) = Z^{G4) = Z{GLwi) —^^m,Q- 
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In this paragraph we take {G, X) to be of either C„ or type. The double central- 
izer D2 of G2 in GLv[a^ is a reductive group whose extension to Q is a product of [F : Q] 
copies of GL2^ip. The involution of End(VFi (S>q Q) induces a non-trivial involution of 
the Lie algebra of each such copy of GL2^ip. This implies that Lic(il>2 H GSp(VFi, ■i/'i)) 
is Lie(G2)- Thus G2 is the identity component of D2 and therefore the injective map 
/2 : (^25-^^2) ^ (GSp(Wi, Si) of Shimura pairs is a PEL type embedding. 

In this paragraph we take (G, X) to be of inner Df type. If we work with the 
variant of Theorem 4.8 mentioned in Remark 4.8.1, then similar arguments show that 
we can assume that Z^{G2) — Z^{G4) — Z(GLvvi) — ^ Gm,Q and that /2 : ((^2,-^2) ^ 
(GSp(W^i, V'l), ^1) is a PEL type embedding. 

4.9. Variants. Using Fact 2.4.1 (b) we get that Proposition 4.1 and Theorem 4.8 have 
variants for the case when {G,X) is an arbitrary Shimura pair of adjoint, abelian type. 
To state such variants, let {G,X) — Ylieii^'i^ -^i) product decomposition into 

simple, adjoint Shimura pairs indexed by a set / which is disjoint from Z. For i E I let 
Fi := F{Gi,Xi) and Gi := Gi[Fi], cf. Subsection 2.2. 

(a) There exists a product {Gi,Xi) = Hie/l^i,!) of simple, adjoint, unitary 
Shimura pairs and there exist injective maps 

/2 : {G2,X2) {Gs,X3) ^ {G4,X^)h{GSp{Wi,^l;i),Si) 

of Shimura pairs such that the following seven properties hold: 

(i) we have (Gl^Xf^) = (G,X) and (Gf = UreiiGf"\ Xp''), with as 
a totally real number field that contains Ff, 

(ii) we get a monomorphisni Gl*^ ^ Gf*^ that is a product indexed by z e / of the 
natural monomorphisms Gj ^ G^""^; 

(iii) the monomorphism G^,^^ ^ Gf^^ is a product indexed by i e / of monomor- 
phisms that are either isomorphisms or are Weil restrictions of monomorphisms obtained 
as h^p^ in Subsection 4.5, depending on the fact that (Gi,Xj) is or is not of A^. type for 
some Hi e N; 

(iv) we have (G|^, X^'^) — (Gi, Xi), the group G^^ is a simply connected semisimple 
group, and /4 is a PEL type embedding that is a Hodge quasi product indexed naturally 
by elements of / of PEL type embeddings (cf. Fact 2.4.1 (b)); 

(v) if for all z G / (resp. if there exists z G / such that) the Shimura pair (G^, Xi) is 
not (resp. is) of type, then E{G2,X2) = E{G3,Xs) = E{G4,X4) (resp. E{G2,X2) = 
E{Gs, Xs))] also if for alH G / the pair (G^, Xi) is of some type, then G2 = G3 = G4; 

(vi) both Z°(G2) and ^"(Gg) are subtori of Z^iG^); 

(vii) if none of the Shimura pairs {Gi,Xi) (with i G /) is of some type, then 
G2®'' and G^^^ are simply connected semisimple groups. 

(b) In Theorem 4.8 we can replace Fi by any other totally real number field F2 
that contains it. If there is z G / such that the simple, adjoint Shimura pair (Gj, X^) is of 
An type, then for each totally real number field extension Fj^2 of Fj^i, the simple, adjoint 
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Shimura pair {G^ ^''^,X^ ''^) is also of A^i type and therefore one can apply Proposition 4.1 to 
it. Thus, as in the proof of Theorem 4.8 we argue that for such an element i E I there exist 

fi 4 

injective maps /i,2 : (^^,2,^1,2) = (G'i,3,Xj,3) ^ {Gia, X^a) ^{GSp{Wi^i,'tpi^i), Si^i) of 
Shimura pairs such that the analogues of properties 4.8 (i) to (vii) hold for them (therefore 
{Gi%^t2) = iG,,X,), (G',,4,^^,4) = (Cf •^xf '^), /,,4 is a PEL type embedding, etc.) 

Based on the previous paragraph, by using composites of fields and injective maps 
as in (1) we get an uniformized variant of (a) in which to the property (iii) of (a) we can 
add the requirement that the field Fj^i does not depend on z e / (thus in general we have 
no upper bounds for the degrees [F^^ : Fj]). 

(c) We have variants of (a) and (b) in which for the type without involution and 
with 71 > 1 we use Subsubsection 4.1.2 instead of Proposition 4.1. In what follows we will 
only use the variant of (a) that is modeled on Subsubsection 4.1.2. For this variant we 
only have to perform the following two changes to (a): 

- in the property (iii) of (a) we have to replace "either isomorphisms" by "ei- 
ther monomorphisms which over Q are products of diagonal embeddings of the form 
SL SL^' -, where Si e {1, 2}," ; 

- in the property (v) of (a) we have to replace "some A^n type" by "some Ai type 
or some A^^ type with involution" . 

4.10. Corollary. Let {Go,Xo) be an adjoint Shimura pair. Then {Go,Xo) is the adjoint 
of a Shimura pair of PEL type if and only if each simple factor {G, X) of {Gq, Xq) is such 
that one of the following two conditions holds: 

(i) the Shimura pair {G,X) is of An type, or 

(ii) the Shimura pair {G,X) is of Cn, D^, or inner -Df type and the group Gr has 
no simple, compact factor. 

Proof: We first prove the "only if part. Let / : {G, X) ^ (GSp(VF, i/j), S) be an embed- 
ding of PEL type. Let (G, X) he a simple factor of (G^^, X'"^). Let p := Eiid{W)^^^\ We 
show that the assumption that B has two distinct factors !Bi and which are permuted 
by the involution of End(M^) defined by ip, leads to a contradiction. Let W = Wq© W^i ® W2 
be the unique direct sum decomposition in !B-modules such that "Bi © ^2 acts trivially on 
Wo and for i G {1,2} the Si-module Wi is a direct sum of simple S^-modules. The Gm,Q 
subgroup of GLyy which fixes Wq, which acts on Wi via the identical character of G^.q, 
and which acts on W2 via the inverse of the identical character of Gm,q, is contained in 
both Z{G) and Sp(W^, ^). This contradicts the fact that the centralizer of each element 
X E X in Sp{W, ip)^ is a compact group. 

Thus each simple factor of !B is normalized by the involution of End(M^) defined by 
i/j. Based on this, we can assume that ^ is a simple Q-algebra; thus either G^'^ = G or 
G^^"" is a product of S04^c groups. If G'^^ is a product of S04^c groups, then (G, X) is 
of Ai type. Thus we can assume that G^*^ = G and that (G, X) is not of A^, type. From 
this and [De2, Table 2.3.8] we get that (G, X) is of either Bn type with n > 2 or Gn type 
with n > 2 or type with n > 4 or type with n > 4. From [Sh, p. 320] we get that 
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G^"^ is a product of non-compact groups that are isomorphic to either Sp2n,R (with n > 2) 
or SO*(2?i)]R (with n>4); here the restrictions on n are as per the type of (G^X). Thus 
either (ii) holds or (G, X) is of non-inner type. But if {G, X) is of type, then G^"^ 

is a product of SOg q groups. If {G, X) is of non-inner type, then the representation 

of each simple factor of Lie{G-^) on W ®q Q involves both half spin representations (see 

Definition 2.2.1 (c)) and thus G^^ is a product of Sping ^ groups and therefore we reached 

a contradiction. Thus (ii) holds. This proves the "only if part. 

Based on Fact 2.4.1 (b), it suffices to check the "if part only in the case when 
(Go)^o) is simple. If {G,X) := (Gq^Xq) is such that (i) (resp. (ii)) holds, then from 
Proposition 4.1 (resp. from Subsubsection 4.8.3), we get that (Gq^Xq) is the adjoint of a 
Shimura pair of PEL type. □ 



5. Applications to Frobenius tori 

We now apply Section 4 to the study of Frobenius tori of abelian varieties over 
number fields. At the very end of Subsections 5.1 to 5.8, we prove Theorem 1.3.2 and 
Corollary 1.3.3. In Subsections 5.9 and 5.10 we deal with complements on the shifting 
process mentioned in Subsection 1.6 and elaborated in Subsection 5.4; in particular, see 
Proposition 5.10 for three main advantages one gains in general by performing it. 

We begin by introducing a setting which is independent of Section 4. Let E, A, 
La, Ha, p, Gq^, and E"^"^"^^ be as in Subsection 1.1. Let Wa, ^a, Vm, and /a be as in 
Subsection 1.5. In this Section we will assume that Xa is a principal polarization of A. Let 

K{4:) := {g G GSp(La, V'A)(Z)|^mod 4 is the identity}. 

It is known that Sh(GSp(VFA, V'a), >S'yi)/i^(4) is the Q-scheme that parameterizes iso- 
morphism classes of principally polarized abelian schemes that are of relative dimension 
dimQ(W0i)/2 and that have level-4 symplectic similitude structure, cf. [Del, Thm. 4.21]. 
Let Ka{4:) := iy^(A/) fl -PC(4). We have a natural finite morphism 

Sh{HA,XA)/KA{4:) ^ Sh{GSp{WA,ipA),SA)/K{4:) 

of Q-schemes (see [Del, Cor. 5.4]). Let (^1, A^) be the pull back to Sh{HA, Xa)/Ka{4:) of 
the universal principally polarized abelian scheme over Sh(GSp(W^, V'a), 'S'^)/-f^(4). By 
replacing E with a finite field extension of it, we can assume that E = £'conn ^^^^ 
there exists a morphism 

m: Spec(^) ^ Sh{HA, Xa)/Ka{A) 

such that m*(yi, Ayi) is {A,\a). As Sh(ii"^, X^)(C) = Ha{Q)\{Xa x HA{Af)) (see [De2, 
Prop. 2.1.10 and Cor. 2.1.11]), we can assume that the composite of the morphism 
Spec(C) — > Spec(i?) with m is the point 

[hA, Iwa] e Sh{HA,XA)/KAi4:){C) = HAiQ)\iXA X HAiAf)/KAi^)); 
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here Iwa is the identity element of iy^(A/). As E = E'conn^ ^lave Im(p) ^ Gq^{Qp). 

5.1. Definition. Let B and C be two abelian varieties over a field embeddable into C. 
We fix an embedding ix ■ K ^ C Let Hb, He, and HbxkC be the Mumford-Tate groups 
of Be, Cc, and Be Xc C'c (respectively). We say B and C are adjoint-isogenous if the 
natural projection epimorphisms HbxkC ~^ -f^s and HbxkC ~^ He induce isomorphisms 
at the level of adjoint groups (thus we can identify H^ = H^ = H^^^fj). 

5.1.1. Remark. The choice of another embedding K ^ <C corresponds to the replace- 
ments of Hb, He, and HbxkC by suitable forms of them. Thus the fact that the abelian 
varieties B and C are or are not adjoint-isogenous does not depend on the choice of the 
embedding Ik ■ K ^ C 

5.2. New injective maps. Until Subsection 5.8 we will assume that the adjoint group 
H^ is non-trivial. Let 

/2 : {G2,X2) {G3,Xs) ^ (G4,X4) A(GSp(W^i,Vi),-Si) 

be injective maps of Shimura pairs constructed as in the Variants 4.9 (a), (b), or (c) but 

starting from the adjoint Shimura pair {Gf, Xf ) ={Hf, Xf). Thus (G4, ^4) is unitary 
and the injective map {Ga,X^) ^ (GSp(W^i, i/^i), /Si) of Shimura pairs is a PEL type 
embedding. Until Proposition 5.10 it is irrelevant if we use Variant 4.9 (a), (b), or (c) to 
construct these injective maps of Shimura pairs. Let 

:B := End(H^i)^*('^). 

As the group G2'^(Q) is dense in G|'^(]R), by replacing /2 with its composite with an 
automorphism {G2, X2) —^{G2, X2) defined by an element of G|'^(Q), we can assume that 
the intersection X2 Pi Xa (taken inside = X^) contains the element Ka G Xa- 

Let Li be a Z-lattice of Wi such that we get a perfect alternating form -01 : Li ®z 
Li Z. Let ^2(4) := G'2(A/) n e GSp(Li, V'i)(Z)|^mod 4 is the identity}. As 
before Definition 5.1, we get naturally a principally polarized abelian scheme {A2,\a'2) 
over Sh(G'2,X2)/K2(4). 

5.3. Hodge twists. Let (VFo,V'o) {Wa © Wi,'4)a © ^i)- Let Gq be the identity 
component of the intersection of GSp(Wo, V'o) with the inverse image in Ha Xq G2 of the 
subgroup H^ of H^ Xq G^^ embedded in H^ Xq GI*^ diagonally via ID. Let Xq be the 
Go(M)-conjugacy class of the monomorphism S ■— Go,]r defined by {Jia, hA) G Xa x X2 
(this makes sense due to ID and the relation Ha G -^^^1X2). We get a (diagonal) injective 
map 

/o: (Go, Xo) (GSpiWo, V'o), So) 

of Shimura pairs that is the composite of the injective map fs'- {Gq, Xq) ■— {Ha, Xa) x-^ 
(^2,^2) of Shimura pairs with a Hodge quasi product /a f2- The composite of /a 
with the natural injective map {Ha, Xa) x^ (G2, X2) ^ {Ha, Xa) x (G2, X2) of Shimura 
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pairs and with the projections of {Ha,Xa) x (^2,-^2) onto its factors, give birth at the 
level of adjoint Shimura pairs to identifications 



//^ad vad\ f /^ad ad \ -LP/ trad x^ad 



Due to these identifications, we call {Gq^Xq) a Hodge twist of {Ha-, Xa) and (G2, X2). 

Let Lq := La ® Li. It is a Z-lattice of Wq and we have a perfect alternating form 
%:Lq ®z Lq Z. Let Ko(4) := Go{Af) n {K{4) x ^2(4)). As before Definition 5.1, we 
get naturally (starting from /o and Lq) a principally polarized abelian scheme (>Ao,A^q) 
over Sh(Go,Xo)/Ko(4). 

5.4. The shifting process. Let B be an abelian variety over E which is adjoint- 
isogenous to A. Let Hb be the Mumford-Tate group of Be; we have a natural identification 
— H'a- Let be the identity component of the algebraic envelope of the p-adic 
Galois representation attached to B\ it is a subgroup of HB,qp- 

5.4.1. Proposition. The images of Gq"^ and G'q^ in H^^q^ = H^q^ coincide. Thus 
to prove the part of the Mumford-Tate conjecture that involves derived groups for the pair 
{A,p) is the same thing as proving it for the pair {B,p) (i.e., we have Gq"^ = H'^q if and 

onlyifG^^^ = Hf^J. 

Proof: The images of G^^ and Gq*^ in = coincide with the image of the 

identity component of the algebraic envelope of the p-acfic Galois representation attached 
to AxEBin iyi1,B,Q, = ^^Q, = ^1%,- Thus we have Gf; = Hf^q^ if and only if 

/^der trder i — i 

5.4.2. Choice of B. As Ha G X2 n Xa, as {Ha, hA) G -^O: and as the functorial 
morphism Sh.{Go, Xq) / Ko{A) — > Sh.{HA, Xa)/ Ka{4:) is finite, by replacing E with a finite 
field extension of it we can assume that there exists a morphism 

mo: Spec(£;) ^ Sh(Go, Xo)/Ko{4) 

such that the composite of the natural morphism Spec(C) — > Spec{E) with mo is the point 

[{hA,hA),lwo] e Sh(G'o,Xo)/Ko(4)(C). 

Let B be the abelian variety over E obtained from yi2 by pull back via mo and the 
natural morphism Sh{Go, Xq) / Kq{4:) — > Sh(G2, X2)/-f^2(4). We have an identity 

mo(^o) = AxeB. 

The Mumford-Tate group of Ac Xc Be (resp. of 5c) is a subgroup of Gq (resp. of G2) 
that surjects onto Gg'^ = Gl'^ = Hj^^- This implies that the abelian varieties A and B are 
adjoint-isogenous and that Gq^ is a subgroup of Hb,Qp and thus also of G2,Qp. 

5.4.3. Decomposing B. See Subsection 5.2 for the definition of B. The injective map 
/4 : (G4, X4) ^ (GSp(W^i, ■j/'i), -Si) of Shimura pairs is a Hodge quasi product indexed by 
the set J of Subsection 1.3, cf. property (iv) of Variant 4.9 (a). Thus from the simple 
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Q-algebra statements of the property 4.1.1 (a) and of Subsubsection 4.1.2, we get that the 
number of simple factors of S equals to the number of elements of J. If we take Li to 
be well adapted for (see Subsection 2.4), then 5 is a product indexed by J of abelian 
varieties over E that have the following two properties: (i) they are principally polarized, 
and (ii) their extensions to C have Mumford-Tate groups whose adjoints are simple. 

5.5. Good choices for v. Let v, I, A^, and Ty be as before Theorem 1.1.5. We choose 
the prime v of E such that moreover we have I > dim(i?), I ^ p, and the following two 
conditions hold: 

(i) the abelian variety B has good reduction By with respect to v; 

(ii) the prime v is unramified over / and !B(i) := S fl End(Li ®z ^(z)) is a semisimple 
Z(/)-algebra that is self dual with respect to the perfect alternating t/^i on Li. 

Let Ty^2 and T„ o be the Frobenius tori of By and Ay x^^^y^By (respectively). Let Hy G 
TyiSlp)-, T^vfi £ 2^t;,o(Qp): cind 'ny^2 ^ Ty^2{Q.p) be (the same integral power of) Frobenius 
elements obtained as in Subsection 3.2 via the choice of a Frobenius automorphism of 
a prime v oi E = that divides v. We have natural monomorphisms Ty^q^ ^ ^Qp) 
Ty.2,(ip "-^ Gq^ ^ G'2.Qp, and T„^o,(Qp ^ ^o.Qj,- The images of TTy, 7r„,o, and Try^2 in 
H%%^{Qp) = Ggi.lQp) = G-^%^{Q,) coincide. 

By replacing E with a finite field extension of it, we can assume that the image 
of the p-adic Galois representation p2 : Gal(i?) — > G'Ll-^i^^q^{Qp) attached to B factors 
through G4(Qp) (i.e., all Q-endomorphisms of Be defined by elements of B, are defined 
over E). Each Q-cndomorphism of B defined by an element of S defines naturally a Q- 
endomorphism of By. Let be the principal polarization of B that is the natural pull 
back of Xa2- Let Xb^ be the principal polarization of By that is defined naturally by As- 

5.5.1. Lemma. There exist a finite field extension k{v') of k{v), a complete discrete 
valuation ring R of mixed characteristic (0, /) and of residue field k{v'), and a principally 
polarized abelian scheme (S', \b') over R, such that the following three properties hold: 

(i) the special fibre {B' ,,\b' ) of {B\Xb') is Z[j] -isomorphic to {Byi.XB ,) := 
{By, XB^)k{v') (i-e., it is obtained from {By/,XB^,) via isogenics of order a power of I); 

(ii) the abelian scheme B' has complex multiplication; 

(iii) the Q-endomorphisms of B'^, that correspond to elements of "B, lift to Q- 
endomorphisms of B' in such a way that the elements of "3(^1) correspond to ^(^lyendomorphisms 
of B' and the trace forms on !B(;) k{v') defined by its representations on the tangent 
spaces of By' and B'^, at identity elements, are equal. 

Proof: By using a product decomposition of B (and thus implicitly of (Li, V'l, S(;))) as in 
Subsubsection 5.4.3, to prove the Lemma we can assume that S is a simple Q-algebra. 
Let Ji be the involution of End(VFi) defined by the identity 'i/'i(e(a;), y) = 'i/'i(x, Ji(e)(y)), 
where e G End(VFi) and x, y G Wi. As G4 is a subgroup of GSp(VFi, -i/^i), the involution Ji 
normalizes B and thus also As the injective map f^ : {G4, X4) > (GSp(M^i, ipi), Si) 
of Shimura pairs is a PEL type embedding, the group G4 is the centralizer of S in 
GSp(Wi,V'i)- From this and the fact that the Shimura pair (6^4,^4) is unitary, we get 
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that the restriction of the involution Ji to "B is of type A in the sense of [Zi, Subsect. 2.3]. 
Thus the Lemma is a particular case of [Zi, Thm. 4.4] applied to the data provided by the 
injective map : {04^, X4) <— ^ (GSp(VFi, -i/'i), S*!) of Shimura pairs, the perfect alternat- 
ing form '01 : Li ®z Li — > Z, the involution Ji, the prime /, the semisimple Z(;)-algebra 
!B(/), and the principally polarized abelian variety A^^) over k{v) which is the good 
reduction of the pull back (S, Xb) of A^j)- Strictly speaking loc. cit. states only that 
{B',,Xb' ) is obtained from {By',XB ,) via isogenics. But one can always assume that 
these isogenics are of order a power of L □ 

5.6. Applications of 5.5.1. We can assume that the field R[j] contains E. We fix 
an embedding R[^] ^ C that extends the embedding of Subsection 1.1. Let W{ := 
Hi{B'{C), Q), let ip^ be the alternating form on Wi induced by A^/, and let 'B ^ End{W{) 
be the Q-monomorphism defined by the identification (see property 5.5.1 (iii)) of "B with 
a Q-subalgebra of End(i?^) (g)^ Q. Let G'^ be the subgroup of GSp(VF{, ■i/'^) that fixes 
all elements of !B. From the property 5.5.1 (i) we get that for each prime / G N different 
from /, the two triples (W^,'0^,!B) and (Wi,'0i,!B) become isomorphic over Q^-. Thus the 
"difference" between the isomorphism classes of the two triples '^i, and (VFi, S) 
is "measured" by a class ^4 e iy-^(Q, G4) whose image in H^(Qf,G4^q.) is trivial for all 
primes I different from I. In particular, we get that G4 is an inner form of G4. 

5.6.1. Fact. There exists a reductive subgroup G^^^ of GLp^^ that is the extension of 
'^mQ^ 6y G4 and such that the images of the class 64 in H^(R,G^^^) and H^{Qq,G^^q ) 
are trivial, for all primes g e N (see Subsubsection 5.4-3 for the definition of S'b). 

Proof: By using a product decomposition of B (and thus implicitly of (Li, -i/'i, as in 

Subsubsection 5.4.3 and due to the first part of Fact 2.4.1 (a), to prove the Lemma we can 
assume that !B is a simple Q-algebra. Thus ss = 1 and ^4"*^^ = G4. We already know that 
the image of ^4 in H^{Qq, G4,Qq) is trivial provided I. The fact that the images of ^4 

in both pointed sets H^{R, G^^^) and H^{Qi, g'^^q^) are trivial is checked in the third and 
fourth (respectively) paragraphs of [Ko2, Sect. 8]. To loc. cit. we only have to add that 
the inequality I > dim(i?) implies that it is irrelevant if in the context of the data provided 
in the proof of Lemma 5.5.1, we work with the determinant condition of [Ko2, Sect. 5] or 
with the trace condition of the property 5.5.1 (iii) as in [Zi]. □ 

From Fact 5.6.1 we get that we have an identification ^4,0)^ = G'^q (unique up to 
inner conjugation) as well as a canonical identification Z{G4) = Z^G'^). 

Let (6^4,^4) be the Shimura pair, where X4 is the G4(M)-conjugacy class of the 
homomorphism S — > 6^4]^ that defines the Hodge Q-structure on W{. If we have = 1, 
then there exists an isomorphism Wi ®q M ^ Wl (8)q M which (cf. [Ko2, Lem. 4.2 and the 
third paragraph of Sect. 8]) has the following two properties: 

(a) it takes ipi to ip'i and it takes 6 to 6 for all 6 e !B (thus it takes the subgroup 
G4,R of GLwi^qR onto the subgroup ^4 ^ of GLvKj'®qr); 

(b) it takes X4 onto X'^. 
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Thus for S2 = 1, the canonical identification Z{G/^ = Z{G'^) gives birth naturally 
(cf. (b)) to a canonical identification {Gf^jXf') = {G'^^^ , X'^^^) of dimensional Shimura 
pairs. Based on this and the product decomposition of Subsubsection 5.4.3, regardless of 
what the number G N is, we get: 

5.6.2. Fact. Let Z^i^ be the smallest suhtorus of Z^{G4) with the property that all 
monomorphisms E> ^ G^^r defined by elements of X4^, factor through the extension to M of 
the subgroup of G4 generated by G^^^^ and ^min- Let ^4iin subtorus of Z^^G'^) that 
is defined similarly to ^min- Then the canonical identification Z{G^ = Z{G'^) restricts to 
a canonical identification ^min = -^min- 

5.6.3. Betti realization of 7ry^2- We use the above identification G4,Qj, = ^4 q^- Coming 
back to the Frobenius elements of Subsection 5.5, from properties 5.5.1 (ii) and (iii) we 
get (cf. the third paragraph of Subsection 3.2 and the relation Im(p2) ^ (j4(Qp)) the 
existence of a torus T4 of G4 and of an element 7r(,, 2 G 24 (Q) such that the following three 
properties hold: 

(i) the element n'^, 2 is the Betti realization of an endomorphism of B' which lifts a 
suitable integral power of the Frobenius endomorphism of S^^^,^; 

(ii) the torus T4 is the smallest subgroup of G4 which has Q- valued point; 

(iii) there exists an element g' G G'^{Qp) = 6*4 (Qp) that takes under conjugation 
T4 to Ty,_2,Qp and tt^, 2 to 7r„^2- [Here we have to introduce the element g' as the torus 
T4 of G4 is uniquely determined only up to G'4(Q)-conjugation and as T„ 2,Qp and 11^,2 are 
uniquely determined (cf. Subsection 3.2) only up to Im(p2)-conjugation]. 

The images of T and T' — in Gf— = G'''^ are 01^(01) -conjugate, cf. (in) and 

^ v,Qp 4,Qj, 4,Qp 4,Qj, 4 \-^PJ J 6 ) V / 

the end of Subsection 5.5. 

5.6.4. A crystalline property. As is a complete discrete valuation ring of mixed char- 
acteristic (0, /) and of residue field k{v'), it has a canonical structure of a VF(/c(t''))-algebra. 
Let {M,(f)) be the F-crystal over k{v) of B^,. Thus the pair (M ®w{k{v)) B{k{v')),(j)) is 
the F-isocrystal over k{v') of B'^,. The canonical and functorial identification M ®w{k{v)) 

= Hl^{B'/R)[^\ (see [BO, Thm. 1.3]) allows us to identify the de Rham realization 
of the endomorphism of B' mentioned in the property 5.6.3 (i) with a suitable integral 
power of (/)['^(^ )-'^p\. From this and the property 3.4.1 (c) applied in the context of the pair 
{B,v) (instead of {A,v)), we get that a suitable G4(Q/)-conjugate of T^ — is a torus of 

%• 

5.7. Simple properties, (a) Each simple factor of Lie(G4'j^) is absolutely simple and 
only one simple factor of Lie(G2'|^) maps injectively into it. Each simple factor of Lie(G2'|^) 
is embedded ("diagonally") into a product of simple factors of Lie(G3^]^) isomorphic to it. 
The same holds over Qp instead of over M. Moreover, each simple factor of Lie(G|'^) 
projects injectively into a unique simple factor of Lie(G4'^). All these follow from the 
property (iii) of Variant 4.9 (a) and from Variants 4.9 (b) and (c). 
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(b) We use the identification G.-^ = G'— (see paragraph after Fact 5.6.1). Two 

simple factors of G^'^— are connected over Q through G^ (i.e., are factors of the extension 

to Qp of the same simple factor of G''f^) if and only if they are connected over Q through 
G'i^ . This is so as G'^ is an inner form of G4. 

(c) If = 1 and [G^^X^) is a simple Shimura pair of some type with n odd, 
then the Hasse principle holds for G4 (cf. [Ko2, Sect. 7]). Thus the class ^4 e iy-^(Q, G4) 
is trivial, cf. Fact 5.6.1. 

(d) If all simple factors of [G'"^^ X^'^) are of some type with n odd and if in the 
property 5.5.1 (i) we require only that B'^, is isogenous (instead of being Z[y]-isomorphic) 
to Byi and that properties 5.5.1 (ii) and (iii) hold, then one can easily check based on (c) 
that we can choose k{v'), B'^,, R, and B' in such a way that ^4 is the trivial class (regardless 
of what SB e N is). The last sentence applies if there exists no element j E J such that 
{Hj,Xj) is of An type with n even, cf. the definition of the group G{A) in Subsection 4.3 
and the property 4.8 (iii). 

5.8. Proofs of 1.3.2 and 1.3.3. We are ready to prove Theorem 1.3.2 and Corollary 
1.3.3. We can assume that the adjoint group is non-trivial. Let N{A) e N be a 
number that depends only on A and that has the property that for each prime I > N{A), 
both conditions 5.5 (i) and (ii) hold and moreover A has good reduction with respect to 
all primes of E that divide 1. By replacing E with a finite field extension of it, to prove 
Theorem 1.3.2 and Corollary 1.3.3 we can assume that A has a principal polarization 
(cf. [Mu2, Ch. IV, Sect. 23, Cor. 1]) and that (as 1>N{A)) we are in the context of 
Subsections 5.2 to 5.7. As T4 is a torus of G4, the images of T' — in simple factors of the 

extension to Qp of a fixed simple factor of G'l^'^ (equivalently of G^^, cf. property 5.7 (b)), 
have equal ranks that do not depend on p ^ I. Thus also the images of T ^ in simple 

factors of the extension to Qp of a fixed simple factor of = Gf*^, have equal ranks (cf. 
end of Subsubsection 5.6.3 and the property 5.7 (a)) that do not depend on p ^ I. This 
proves Theorem 1.3.2. 

In order to get Corollary 1.3.3 from Theorem 1.3.2, we choose the prime v oi E such 
that 1>N{A) and T„ has the same rank as Gq^. Thus the fact that Corollary 1.3.3 holds 
for p 7^ / follows from Theorem 1.3.2. As in the end of Lemma 3.3, using a prime vi of E 
that divides a prime G N that is greater than N{A) and different form Z, we get that 
Corollary 1.3.3 holds even if p = I. This proves Corollary 1.3.3. □ 

5.9. Definition. An irreducible representation of a split, simple Lie algebra of classical 
Lie type £ over a field K of characteristic is called an SD-standard representation, if 
the following two conditions hold: (i) its highest weight is a minuscule weight, and (ii) if 
£ = An, then moreover its dimension is n + 1 (i.e., its highest weight is either wi or Wn)- 
Here SD stands for Satake-Deligne, cf. [Sa2] and [De2, Prop. 2.3.10], [Val, Subsects. 6.5 
and 6.6], and the proofs of Proposition 4.1 and Theorem 4.8. Similarly, we speak about 
SD-standard representations of split, semisimple groups of classical Lie type over K whose 
adjoints are simple. 
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Until the end, we continue to assume that the adjoint group is non-trivial. Next 
we list some extra advantages we get (besides proving Theorem 1.3.2) by replacing the 
abelian variety A and the injective map : {Ha, Xa) ^ (GSp(VFa, iI^a), Sa) of Shimura 
pairs with B and /2 : ((^2,-^2) ^ {GSp^Wijipi), Si) (respectively). 

5.10. Proposition, (a) The irreducible suhrepresentations of the representation of 
Lie{G'^'^-^) on Wi Q factor through simple factors of Lie(G'^^-^ and are SD-standard 
representations of these simple factors. 

(b) By using Variant 4-9 (a) or (c) (resp. 4-9 (c)) to construct the injective maps 
of Shimura pairs of Subsection 5.2, we can assume that for each simple factor {Hj,Xj) 
of {H^,X^) = {G^,X^) of type with n>4 (resp. of An type without involution 
and with n>2) and every simple factor of H^^, there exists a G^-^-suhmodule W of 

Wi (8)Q Q that has the following two properties: 

(i) the natural representation Z^{G^^) GL-^ factors through Z(GLvv?) (i.e., 
'^°(^2q) ^^^^ ^ scalar automorphisms), and 

(ii) both half spin representations (resp. both irreducible representations of the highest 
weights wi and Wn) of Lie{!Jj) are among the simple Lie{G^jr)-submodules ofW. 

(c) If H'"^^ has no simple, compact factor and if {H'a'tX^) has no simple factor of 
some An type with involution, then we can also choose /2 : (G2, X2) ^ (GSp(Wi, V'l), -^i) 
such that we have Z^{G2) = Z{GLiWi) '^m,<Q- 

Proof: Part (a) is a consequence of the proof of Proposition 4.1 and of Subsection 4.3, cf. 
property (iii) of Variant 4.9 (a) and Variants 4.9 (b) and (c). Part (b) for the type with 
n > 4 (resp. the An type without involution and with n>2) is a consequence of the fact 
that in Subsection 4.3 we defined /ir using both half spin representations (resp. of the first 
paragraph of Subsubsection 4.1.2). Based on Fact 2.4.1 (a), to check (c) we can assume 
that the adjoint Shimura pair {H^,X^) is simple. Thus, if (H^^X^) is not (resp. is) 
of An Lie type, then (c) is a consequence of Remark 4.1.3 (resp. of the first paragraph of 
Subsubsection 4.8.3). □ 

5.10.1. Remark. By replacing {A, fA) with (i?,/2), the role of the Mumford-Tate 
group Ha gets replaced by the one of a Mumford-Tate group which is a reductive, normal 
subgroup of G2 that contains G'^'^'^ (more precisely by the one of the smallest subgroup of 
G2 with the property that all homomorphisms § — > G2,k defined by elements of X2 factor 
through its extension to R). Thus under such a replacement we lose to a great extent the 
"control" on the torus Z{Ha)', moreover, we often have dim(i?) > dim(A). If this looks 
"unpleasant" or if one would like to "stick" to the injective map fA of Shimura pairs, then 
one can consider the PEL-envelope (Ha-iXa) of fA as defined in [Val, Rm. 4.3.12]. In 
other words, one can consider natural injective maps 

fA : {Ha,Xa) {Ha,Xa)^{GSp{Wa,iPa),Sa) 

of Shimura pairs, where Ha is the identity component of the intersection of GSp(Wa, iPa) 
with the double centralizer of Ha in GLwa- Thus /a is a PEL type embedding and we 
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get a variant of Subsubsection 5.6.3 for its context: if the analogues of the conditions 5.5 
(i) and (ii) hold in the context of A and (instead of B and /2), then Subsubsections 
5.5.1 to 5.6.3 can be adapted to give us that for / ^ we can view 7r„ as a Q-valued 
point of a torus of a suitable form H'j^ of Ha- This form is inner provided H'am. 
normal subgroup that is an SO*(2n)R group with n>2, cf. the connectedness aspects of 
[Ko2, Sect. 7]. We do not know how one could get Theorem 1.3.2 via (i.e., via using 
/a instead of /2 of Subsection 5.2). 

Let Ca be the centralizer of Z^{Ha) in GSp(VFyi, -i/;^). Let H^-^ be the maximal 

factor of Cj^ with the property that no simple factor of it becomes compact over M. 
Let Ha,i be the maximal normal, reductive subgroup of Ca whose adjoint is H'^^. We 

have a variant of the previous paragraph in which we work with Ha,i instead of Ha- 
The monomorphism Ha,i ^ GSp{Wa, iI^a) extends uniquely to an injective map fA,i '- 
{Ha,i, Xa,i) ^ {GSp{Wa,iPa), Sa) of Shimura pairs through which /a factors. The 
injective map of Shimura pairs is a PEL type embedding and thus for Z ^ we can 
view TTy as a Q-valued point of a torus of a suitable form of Ha,i- As the group 

(and thus also H^^ —) has no normal subgroup which is an SO group, this form is inner. 

Also, one can use the torus ^ and [Zi] in a way similar to Subsections 5.5 and 5.6, to 
re-obtain Remark 3.3.1 for Z ^ 0. 

5.10.2. Remark. Different variants of Proposition 5.10 can be obtained by working 
with suitable other abelian varieties over E that are adjoint-isogenous to A and that are 
obtained similarly to B but via another injective map (62^X2) > (GSp(W"i, S*!) 
of Shimura pairs for which we have an identity {G'f,X^'^) = {H'f,X'f). Thus for getting 
Proposition 5.10, we could have only quoted [De2, Subsubsects. 2.3.10 to 2.3.13]. Also, by 
quoting loc. cit. and by considering PEL-envelopes as in Remark 5.10.1 one gets directly: 
(i) less explicit forms of Theorem 4.8 provided the simple, adjoint Shimura pair {G,X) of 
Section 4 is of B^, Cm or type, and (ii) less explicit and weaker variants of Theorem 
4.8 and Remark 4.8.1 if (G,X) is of type. For instance, if (G,X) is of type with 
n e 2 + 2N, then the half spin representations of the Dn Lie type are self dual (cf. [Bou2, 
p. 210]) and thus [De2, Subsubsects. 2.3.10 to 2.3.13] docs not apply to get directly that 
in Subsections 4.7 and 4.8 we can choose {Gi,Xi) = {G^,Xl'^) to be a simple, adjoint 
Shimura pair. 

In addition, the explicit character of Subsections 4.1 to 4.8 and the new features 
of Proposition 4.1 and Remarks 4.8.2 (b) and (c) offer simplifications in many practical 
situations (like in Definition 6.1 (b) and in the proofs of Theorems 7.1 and 7.2 below). 

6. Non-special An types 

In this Section we define and study simple, adjoint Shimura pairs of non-special A^ 
type. See Subsection 6.2 for different numerical aspects and examples that pertain to them. 
The notations will be independent from the ones of Subsections 1.1 and 1.3. If {Gq,Xq) 
is a Shimura pair and x G Xq, let the cocharacter Hx ■ Gm,c ~^ Go,c be defined as in 
Subsection 2.2. We use -|- to denote the Lie type of products of split, absolutely simple, 
adjoint groups. 
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6.1. Definitions, (a) Let {Hi,Xi) be a Shimura pair. A torus Ti of Hi is called Sh-good 
for [Hi, Xi), if there exists a set €i of cocharacters Grn,c -f^i,C that are ifi(C)-conjugatc 
to the cocharacters : Grn,c -f^i,C {-^ G Xi) and such that Ti is the smallest subgroup 
of Hi with the property that the elements of €i factor through Ti^c- 

(b) Let {HqjXq) be a simple, adjoint Shimura pair of either Ai type or of type 
with n>2 and with involution (resp. of A^ type with n>2 and without involution). Let 
fi: {Hi,Xi) ^ (GSp(Wi, V'l), 'S'l) be an injective map of Shimura pairs such that the 
following four conditions hold: 

• we have a natural identity {Hf'^^Xf'^) = (Hq^Xq); 

• property 5.10 (a) holds (resp. properties 5.10 (a) and (b) hold) for /2 = /i; 

• the intersection Hi of GSp{Wi,ijji) with the double centralizer of Hi in GLw is 
connected and the monomorphism H'^'^ ^ isomorphism (resp. is isomorphic 

to the diagonal embedding of H^— in H'^— Xj^ H^—)- 

° ^ 1,Q 1,Q Q l,Q^' 

• is a Mumford-Tate group (i.e., Hi is the smallest subgroup of GSp(VFi, i/^i) 
such that all monomorphisms S ^ Hi^^. that are elements of Xi, factor through Hi^^.). 

Let e N be a prime. The image of each element a; e Xi in -fff r is non-trivial. 

Thus the group Hf^ has no simple factor which over M is compact. From this we get that 
the fl^i (M)-conjugacy class Xi of monomorphisms S ^ -H^i,m defined by elements of Xi, 

has the property that we get injective maps {Hi, Xi) ^ {Hi,Xi) ^(GSp(W^i, ipi).iSi) of 
Shimura pairs. Let /{ : (H'l^X'i) » (GSp(VFi, be an injective map of Shimura 

pairs defined by the twist of fi via a class in H^{Q, Hi) that is locally trivial. We identify 
X'l = Xi and Hi^q^ = H[^q^. 

By an MT pair for the triple (/i, /{, g) we mean a pair (Ti, Gi), where Ti is a torus 
of H'l that is Sh-good for {H'i,X'i) and where Gi is a reductive subgroup of Hi^q^ that 
has the following two properties: 

(i) the group Gi has a maximal torus that is ^( (Qg)-conjugate to Ti^q^; 

(ii) we have an identity End(W^i ®q Qg)^i(Q^) = End(Wi ®q Qg)^i'«9(Q^). 

(c) Let {H(),X()) be as in (b). We say that (Hq^Xo) is of non-special A^ type, if 
there exists an injective map fi: {Hi, Xi) ^ (GSp(VFi, ifji). Si) of Shimura pairs as in (b) 
and a prime q eN such that for each twist /( of fi obtained as in (b) and for every MT 
pair (Ti, Gi) for (/i, fi,q), the group G^'^— has at least one simple factor of An Lie type. 



6.2. Numerical tests. Let {Ho,Xo) be a simple, adjoint Shimura pair of An type. In 
this Subsection we list some numerical properties which are implied by the assumption 
that {Hq,Xo) is or is not of non-special An type and which rely on the classification (see 
Subsection 2.1) of minuscule weights. 
We write 

Ho,R = n SU(a„5,)|^ X H SU(0,n + l)^^ 
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where for j e Ji we have aj, bj e N, aj < bj, and aj + bj = n + 1. Here Jq and Ji are finite 
sets that keep track of the simple, non-compact and the simple, compact (respectively) 
factors of -ffo,M- As Hq^r has simple, non-compact factors (see Subsection 2.2), the set Ji 
is non-empty. For j G Ji let 



Let 



1 2 



r n+1 - 



g:={cj|j£ Ji}C {-,-—-,... , } and 9Jt := {(a,-, 6,), (6,-, a,)|j G Ji}. 

Ti Ti 1. Tt '\ -L 1^ 2 J 

The set C has at least one element and at most [^^] elements. Let 

c := min(£) and d := max(€). 
If 1 e C, then n is odd. Let S := {(r, s) e N x N\2s - 1 < r}. For (r, s) e 6 let 

C^i) , fr + l\ 

C(r,s) := and e(^,,) := ^ j . 

6.2.1. General properties of MT pairs. Let q, fi, fi, and /{ be as in Definition 6.1 
(b). Let (Ti, Gi) be an MT pair for (/i, /{, q). Let Wq be an irreducible q— submodule 

of Wi ® Qq; it is also an irreducible H-^ q— module. Let So and "Kq be the images of G-^ q- 
and H-^ (respectively) in GL-vVq. We get a faithful representation po ^ So ^ GL-^Vq. We 
list few basic properties of po and "Kq. 

(a) As the property 5.10 (a) holds for /2 = /i, we have dimQ-(Wo) = n+1. 

(b) The identity End(M^i ®q Qg)^iW«) = End(W^i ®q QJ^i.««W<') implies that the 
representation po is irreducible. 

(c) As the torus Ti is Sh-good for (if(, X^), the pair (So, Po) is an irreducible weak 
Mumford-Tate pair of weight {0, 1}. More precisely, the group So is generated by images in 
GL"Wq of cocharacters fiQ of q- = H'^ — whose extensions to C via an (any) embedding 

Qq ^ C, belong to the set C{H[, X[) introduced in Subsection 2.2. Thus all simple factors 
of G^*^ are of classical Lie type (cf. [Pi, Table 4.2]) and the pair (So,Po) is non-trivial 

(cf. (a)). 

(d) Each cocharacter /xq as in (c) acts on Wq via the identical and the trivial character 
of and the pair of multiplicities (mid, mtriv) of such characters either belongs to 9JI 
or is such that {mid, "^triv} = {0, n-|- 1}, cf. (a) and (c). Therefore, if d < 1, then we have 
"^id 7^ "^triv and thus from the list of multiplicities in [Pi, Table 4.2] we get that all simple 
factors of G^'^— are of some Lie type, where m e {1, • • • ,n}. 

(e) As Ti is defined over Q, we can choose the cocharacter /iq of H.q- = H' such 
that either (mid,mtriv) or (mtriv,"^id) is an arbitrary a priori given element of Wl. 
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(f) We assume that the group Sq'^ is simple and not of An Lie type. As is 
simple, the pair (So^Po) is a non-trivial irreducible strong Mumford-Tate pair of weight 
{0,1}. From this and [Pi, Tabic 4.2] we get that the set {(mid, mtriv), (wtriv, wia)} is 
uniquely determined by po (i.e., it does not depend on po). This implies that C has only 
one element, of. (e). 

(g) The pair (So, Po) is in the natural way a product of non-trivial irreducible strong 
Mumford-Tate pairs of weight {0, 1} (cf. [Pi, Sect. 4, pp. 210-211]) which automatically 
involve groups whose adjoints are simple (cf. [Pi, Prop. 4.4]). If there exists j G Ji such 
that g.c.d.{aj,bj) = 1, then from (e) applied with (mid,mtriv) G {{'^jjbj), {bj^aj)} we get 
that this natural product does not have two or more irreducible factors and therefore the 
group So'^ is simple. 

6.2.2. Lemma. We assum,e that d < 1 and that (Hq^Xq) is not of non-special An type. 
Then for all elements j G Ji there exists a number tj G N and there exist numbers rj^m ^ 
with m & {1, . . . ,tj}, such that the following three properties hold: 

(a) the sum X^^^^ rj^rn does not depend on j G Ji; 

(b) we have Yfm=i fj,m < n; 

(c) there exists a map f{j)'- {1, . . . , tj} {0, 1} that has the following four properties 

(c.i) we haven+l = Ilmeli,... ,t,},/(j)(m)=oKm + 1) x Ilmeli,... ^■},/0)(m)=i ^(r,,^,.,,^); 
(c.ii) if f{j){m) = 0, then r^,^ + 1 = aj^m + bj,m, with aj^rn,bj,m e N such that Cj^rn ■= 

h ^ ^1 

(c.iii) if f{j) (to) = 1, then there exists a pair {rj^rm ^j,m) ^ S such that 2 < Sj^ni < rj,m — 2 

and Cj^rn '•= ^{rj,m,Sj,m) ^ ^> 

(civ) the map qj: {1, . . . ,tj} C that takes m to Cj^rn has the property that we have an 
inclusion C C Im{qj) Ume{i,... ,t,}, /(,)(m)=o{i' ^"N' • ■ ■ ' ;— T^Tfl^^- 

Proof: Sec Subsection 2.2 for the totally real number field F(Hq, Xq). We fix an identi- 
fication of Q with the algebraic closure of Q in Qg. It allows us to identify naturally the 
set Hom(F(ifo, -^o), K) = Hom(F(ifo, ^o), Q) with the set Hom(F(i7o, ^o), Q^)- This im- 
plies that we can identify the set J of simple factors of i^o,R with the set of simple factors 
of Hq To prove the Lemma we can use the notations of Definition 6.1 (b) and we can 

assume that the group G^'^— does not have simple factors of A^ Lie type. 

For j G Ji let tj be the number of simple factors of the image Go{j) of q- in the 

simple factor Ho{j) of H''^'L^^Hq q- that corresponds to j. We will refer to these simple 

factors as the first, second, . . . , and the t^-th simple factors of Go{j). For m G {1, . . . ,tj} 
let rj^m be the rank of the m-th simple factor of Go{j). Property (a) is implied by the 
fact that the images of q- (and thus also of G^ q-) in simple factors of have equal 

ranks. We check that (b) holds. As the group G^*^ does not have simple factors of An 

Lie type, we have Go{j) ^ Ho{j). As Wq is a simple Lie(Go(j))-module and a simple 
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Lie(iyoO))-niodule, from Lemma 1.1.7 we get that the rank of Lie(GoO)) ^^^^ than the 
rank of Lic(_f/'o(j)) i.e., we have Y^m=i'^3,'m < ^- Thus (b) holds 

We define the map f{j) in such a way that we have f{j){m) = if and only if the 
m-th simple factor of (jo(j) is embedded in Hq^J) via an SD-representation. 

As d < 1, for each me {1, . . . , rj} there exists a number rj^m £ N such that the m-th 
simple factor of Go{j) is of Ar^^^ Lie type (cf. property 6.2.1 (d)). For me {!,••• ,tj} 
such that f{j){m) = 1, let .Sj.„j G N be such that {rj^rn,Sj^rn) G & and the m-th simple 
factor of G'o(i) is embedded in Ho{j) via an irreducible representation associated to the 
minuscule weight tUs^^ of the A^-^ Lie type (cf. Corollary 1.1.9); as this representation 
is not an SD representation we have 2<Sj m<rj m ~ 2. For m e {1, . . . ,tj} such that 
/(j)(m) = 0, let 

^j,mi ^j,m £ ^ be numbers for which we have cbj^m ~l~ ^j,m — "^jjin 

+ 1 and 

ci'j,m < ^^'"^'^^ and for which there exists a cocharacter /io as in the property 6.2.1 (c) whose 
image in the m-th simple factor of Go(j) has a centralizer in the m-th simple factor of 
Go{j) whose derived group is of Aa^ ^-i -|- Ai,. Lie type (i.e., this image is defined by 
one of the cocliaracters zu^^ ^ or zu^, ^ of the Ar- ^ Lie type); we emphasize that here we 
do not have a unique choice for the pair (a^^m, ^i,m) (and this explains the U sign in (civ)). 

We check that (c) holds. Condition (c.i) is implied by the property 6.2.1 (a), cf. 
the fact that for (r, s) e © the irreducible representation associated to the minuscule 
weight Ws of the A^. Lie type has dimension Cr^s- The fact that we have cj^^ e C for 
all m e {1, . . . ,tj} is implied by the first part of the property 6.2.1 (d), cf. the list of 
multiplicities in [Pi, Table 4.2]. Thus (c.ii) and (c.iii) hold. Condition (civ) is implied by 
the property 6.2.1 (e). Thus (c) also holds. □ 

6.2.3. Remarks, (a) We assume that c < d = 1. If (Hq^Xq) is not of non-special An 
type, then one can list numerical conditions that are similar to the ones of Lemma 6.2.2. 
We do not stop to list them here. We only mention that (as in the property 6.2.2 (c)) we 
get maps g^-'s into C which are "almost surjective" (cf. property 6.2.1 (e)) and that (as 
d = 1) the last sentence of the property 6.2.1 (d) does not a priori hold. 

(b) If n is odd, then we can always identify /{ = /i (cf. property 4.1.1 (a), Subsub- 
section 4.1.2, and property 5.7 (c)). 

6.2.4. Examples. We present some situations to which (the ideas of) Subsections 6.2.1 
and 6.2.2 apply. 

Example 1. The Shimura pair {Hq, Xq) is of non-special A^ type if there exists an 
element j e Ji such that g.c.d.{aj,hj) = 1 and (aj^bj) ^ {{{gLi): ^ ®' In 

particular, (Hq, Xq) is of non-special An type if there exists an element j e Ji such that 
aj = 1 (i.e., if i e C). 

Example 2. We assume that c < d and that there exists j e Ji such that 
g.c.d.{aj,bj) = 1. Then {Hq,Xo) is of non-special An type. 

We argue Example 1 (resp. 2). As g.c.d.{aj^hj) = 1, the group ^q'^ is simple (cf. 
property 6.2.1 (g)). As g.c.d.{aj,bj) = 1 and as the group is simple, from the list of 
multiplicities in [Pi, Table 4.2] we get that So*^ is of Am Lie type for some m e {1, . . . ,n}. 
But as {aj,bj) ^ {{{s-i)^ (s))l('''*) ^ ®' ^^2} (resp. as € has at least two elements), 
from the mentioned list (resp. from the property 6.2.1 (f)) we get that m = n. Thus 
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has An Lie type and therefore it is !Kq^. We get that G^^— has simple factors of An Lie 
type. Therefore {Ho,Xo) is of non-special A^ type. 

Example 3. We assume that c < d < 1 and that there exists an element j G Ji 
such that g.c.d.{ajj bj) does not have factors that are of the form dj + bj, with dj, bj G N 
satisfying |^ G C, or of the form e(j;^. g^.), with {fj,Sj) G & satisfying c^rj,sj) ^ ^- Then 

(ffo, -^o) is of non-special A^ type. 

To check this, we show that the assumption that Sq'^ is not of An Lie type leads to 
a contradiction. The group So*^ is not simple (cf. property 6.2.1 (f)) and thus (So^Po) is a 
tensor product of at least two non-trivial irreducible strong Mumford-Tate pairs of weight 
{0, 1} (cf. property 6.2.1 (g)). From this and the property 6.2.1 (d), we get that po is a 
tensor product of at least two irreducible representations associated to minuscule weights 
of some Am Lie types. The dimensions of these irreducible representations are equal to one 
of the numbers dj + bj or e{fj,8j) of the previous paragraph, cf. the list of multiplicities in 
[Pi, Table 4.2]. As at least one of these dimensions must divide g.c.d.{aj,bj) (cf. property 
6.2.1 (e)), we reached a contradiction. Thus (Hq^Xq) is of non-special An type. 

Example 4. We assume that c = d = 1. Ifn = 3orif4 does not divide n + 1, 
then {Hq,Xq) is of non-special A^ type. To check this, we first remark that c = d = 1 
implies that {Hq,Xq) is without involution (cf. Subsubsection 2.2.2). Thus we can appeal 
to Proposition 5.10 (b). With the notations of the beginning paragraph of Subsubsection 
6.2.1, let Wq be a simple q— submodule of Wi (8)q Qq which as an ff^^-module is dual 

to Wo and on which Z^iB.^ q-) acts in the same way as on Wq. As ^ N \ {1} and 

as c = d = 1, from the property 6.2.1 (c) and [Pi, Table 4.2] we get that the group So*^ 
is of Crt+i , Dri+i, A\ + Ai, or some Aj. Lie type. It is not of Cn+i , Dn+i , or Ai + Ai 

2 2 2 2 

Lie type, as otherwise the q— modules Wq and Wq would be isomorphic and thus we 

would have End(V^^i (g)Q Qq)^i(Q«) ^ End(W^i ®q Qg)^i'09(Q^). Thus is of some A^ Lie 
type. Let Ws be the highest weight of the representation of Lie(9o'^) on Wq, cf. Corollary 
1.1.9. If r < n, then as c = (i = 1 we must have C(^r,8) — 1 and n-\- 1 = e(^r,s)- But we have 
C(r,s) = 1 if and only if r = 2s — 1. If r = 2s — 1 < n, then the irreducible representation 
of Lie(So'^) ^f highest weight Ws is self dual (cf. [Bou2, pp. 188-189]) and this implies 
that the G^ q— modules Wq and Wq are isomorphic. Thus, in order not to get as above a 

contradiction with the identity End(W^i ®q Qg)^i('Q«) = End(VFi ®^ Qg)^^''ii^^^\ we must 
have r = n. Therefore S**^ is of An Lie type. Thus (i?o, -^o) is of non-special An type. 

Example 5. We assume that c < d = 1 and {Hq,Xq) is not of non-special An type. 
As 6? = 1, n-|- 1 is even. The pair (So, Po) is a product of at least two non-trivial irreducible 
strong Mumford-Tate pairs of weight {0, 1} (cf. properties 6.2.1 (f) and (g)) such that at 
least one of them is even dimensional (as n -|- 1 is even). If (So, Po) is a product of even 
dimensional irreducible strong Mumford-Tate pairs of weight {0, 1} (resp. if (So,Po) is a 
product of non-trivial irreducible strong Mumford-Tate pairs of weight {0, 1} such that at 
least one is odd dimensional and at least one is even dimensional) , then from the property 
6.2.1 (e) (resp. from the generation part of the property 6.2.1 (c) and from the property 
6.2.1 (d)), we get that for all j G Ji such that c-,- < 1, 2 divides both aj and bj (resp. we 
get that there exists j G Ji such that Cj < 1 and 2 divides both aj and bj). Thus if n -|- 1 
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is a power of 2, then for all j e Ji such that cj <1, 2 divides both aj and bj. 

Example 6. If n + 1 is either 4 or a prime, then (Ho^Xq) is of non-special A^. 
type (regardless of what the set C is). This is an elementary exercise which follows from 
Examples 1 and 4. 

We do not stop here to restate Lemma 6.2.2 in terms of n, similar to the statements 
of Examples 4 and 6. Example 1.3.5 (i) (resp. 1.3.5 (iii)) is a particular case of Example 
2 (resp. 5); moreover, Example 1.3.5 (ii) (resp. 1.3.5 (iv)) is only Example 1 (resp. 6). 

7. The proof of the Main Theorem 

Theorems 7.1 and 7.2 are the very essence of the proofs of Theorems 1.3.4 and 1.3.6 
which are completed in Subsection 7.3. Corollary 7.4 is an application to the type of 
the proofs of Theorems 7.1 and 7.2. Subsection 7.5 lists the "simplest" cases not settled 
by Theorem 1.3.4. Theorem 7.6 proves a stronger variant of Theorem 1.3.7 for direct sums 
of abelian motives in the sense of [DM]. We end with remarks in Subsection 7.7. 

We use + to denote the Lie type of products of split, absolutely simple, adjoint 
groups. Until the end we use the notations of Subsections 1.1 and of the paragraphs before 
Theorems 1.1.5 and 1.3.2. Let Wa, A^, ipA, and /a be as in Subsection 1.5. 

7.1. Theorem. We assume that for each element j G J the adjoint Shimura pair {Hj,Xj) 
is of either non-inner type or a type listed in Theorem 1.3.4- Then for each element 
j G J, the group Gq- surjects onto a simple factor of H.-^. 

Proof: To prove the Theorem we can assume that is a principal polarization of A (cf. 
property 3.1 (a) and [Mu2, Ch. IV, Sect. 23, Cor. 1]) and that the adjoint group 
is non-trivial (cf. property 3.4.1 (a)). Thus the set J that indexes the simple factors of 
{Hf.Xf) is non-empty. To prove the Theorem we can also assume that the set J has 
precisely one element, cf. Proposition 5.4.1 and Subsubsection 5.4.3. Thus {Hj,Xj) = 
{H^j X^). We take v such that it is vmramified over I. 

Let the triple (Wq, So, ^^o) be as before Subsubsection 1.4.1. The groups Sq^ and J<f 
are isomorphic with simple factors of and H^^— (respectively). Thus if So'^ = ^o*^: 

then G'^ suriects onto a simple factor of H^^—. We are left to check that: 

(*) we can choose the simple Hj^ q— module Wq such that we have Sg*^ = "Kq^. 

To check (*) we will consider one by one the cases (a) to (e) of Theorem 1.3.4, with 
the non- inner Df being added to the case (d'). Only for the case (d') we will have to make 
a good choice of Wq. 

(a) We assume that {H^, ^a^) is of non-special A^ type. To check the property 
(*) we can assume that = E. To check the property (*) we can also assume that 

the injective map fA '■ {Ha, Xa) ^ {GSp{Wa, V'a), Sa) of Shimura pairs factors through 
an injective map /a '■ {Ha,Xa) ^ (GSp(Wa, V'a), Sa) of Shimura pairs which is a PEL 
type embedding such that the monomorphism H'^^^ ^ H'^^^ is (cf. Proposition 5.4.1, 

AM AM 

Subsubsection 5.4.2, Proposition 4.1, and Subsubsection 4.1.2): (i) an isomorphism if 
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either n = 1 or {H^,X^) is with involution, and (ii) is a diagonal embedding if n>2 
and {H^, X^) is without involution. Based on Definition 6.1 (c), we can also assume 
that there exists a prime g G N such that for each twist of /a via a locally trivial class 
in H^{Q, Ha) and for every MT pair (Ti, Gi) for {/a, q), the group G^'^ has simple 
factors of An Lie type. 

We choose v such that we also have k{v) — ¥i, I ^ {p,q}, I is greater than the 
number N{A) of Theorem 1.3.2, and (cf. Theorem 1.1.5) Ty has the same rank as Gq^. 
The torus Ty^q^ of Gq^ is ^A(Qp)-conjugate to the extension to Qp of a torus T4 of Ha that 
is naturally identifiable with T„ (cf. Subsubsection 5.6.3 applied with G2 = G'4 = Ha)- 
Strictly speaking, we ought to substitute in the last sentence Ha by a suitable form of it 
that is locally isomorphic. But from the point of view of what follows, such a substitution 
is irrelevant. Thus we will not complicate notations by introducing explicitly a form of 
Ha- a suitable ^A(Q/)-conjugate of T^^^ is a subtorus of G-^, cf. Subsubsection 5.6.4 
(applied in the context of A instead of B). Thus from Corollary 3.4.2 we get that 2^4 
is generated by images of cocharacters in the set (ii{HAiXA) of cocharacters of H^-^^ 
whose extensions to C via an embedding i-^ : Q/ ^ C that extends the embedding z_e of 

Subsection 1.1, belong to the set <L{Ha^X^a) defined in Subsection 2.2. This implies that 
the torus Ti := T4 is Sh-good for {Ha-,Xa)- As the groups Ti and Gq^ have the same 
ranks, from Theorem 1.1.4 we get that (Ti, Gq^) is an MT pair for (/^i, fA,p)- 

If p is g, then G^ has simple factors of A^ Lie type and thus the image of q in 



each simply factor of H^— has rank n. This last property implies that, regardless of the 

fact that p is not or is g, the images of Gq- in the simply factors of H^^— (equivalently 

the images of q- in the simply factors of H^^—) have rank n. From this and Lemma 

1.1.7 applied in the context of the Lie monomorphisms Lie(So*^) ^ Lie(J{o'^) ^ EndCWo), 
we get that Lie(gg'^) = Lie(J{g<^). Thus = :Kf (i.e., the property (*) holds). 

Based on Proposition 5.4.1, for the below cases (b) to (e) we can assume that /a fac- 
tors through an injective map /2 : (G2, X2) — * (GSp(VFi, ■i/'i), 5*1) = (GSp(VFa, "^Aa), Sa) of 
Shimura pairs for which the properties 5.10 (a) and (b) hold and for which the monomor- 
phism Ha ^ G2 induces an identity H^^ — G2®'' at the level of derived groups. 

As the representation po is irreducible, from Theorem 1.1.8 we get that we have a 
short exact sequence 1 Z{GLwo) ^ So — So'^ — 1- 

(b) If {H^, X^) is of Bn type, then "Kq is a GSpin2^_,_]^ q- group and Wq is its spin 
representation. As po is irreducible, from [Pi, Prop. 4.3] we get that So = 3fo- Thus the 
property (*) holds. 

(c) If {H^, X^) is of Cn type, then IKq is a GSp2^ q- group and Wq is of dimension 
2n. We assume that n is odd. Thus 2n can not be written as a product of two or more even 
numbers. As the pair (So, Po) is an irreducible weak Mumford-Tate pair of weight {0, 1} 
and as the representation po is symplectic, the pair (So,Po) is a product of irreducible 
strong Mumford-Tate pairs of weight {0, 1} that involve (orthogonal or symplectic and 
thus) even dimensional irreducible representations. From the last two sentences we get 
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that (9o) Po) is a strong Mumford-Tate pair of weight {0, 1}. From this and [Pi, Prop. 4.7 
or Table 4.2] we get So = ^o- Thus the property (*) holds. 

(d) We assume that {H^, ^a^) is of type with n odd and such that 2n ^ 
{( 2^ )|?Ti G N}. This case is the orthogonal variant of (c). The group "Kq is a GS02j^q- 
group and Wq is of dimension 2n. As the representation po is irreducible and orthogonal, it 
is a tensor product of (orthogonal or symplectic and thus of) even dimensional irreducible 
representations. Thus, as n odd, the group So*^ is simple. As the number 2n e 2N + 2 is 
not of the form (^^^ ), with m e N, it is also not of the form (2^), with m e N. From 
this and the fact that n is not of the form 2"^ with m > 2, we get that (So; Po) = (3^0) Po) 
(cf. [Pi, Table 4.2]). Thus the property (*) holds. 

(d') We assume that {H^, ^a^) is of non-inner D^^ type, with n a prime. The 
group JCo is a GSO^^ ^ group and Wq is of dimension 4n. 

We have [I{H'^, X"^) : F{H^, X^)] = 2 (as in the proof of Lemma 4.4 one argues 
that forn = 2 the degree [IiH%^, X%^) : F{Hf, Xf)] is not divisible by 3). Based on the 
independence part of Corollary 1.3.3 and on Lemma 1.1.7, we can assume that p is such 
that the number fields I{H^, ^a^) and E are unramified over p, that is unramified, 

and that (cf. the definition of the non-inner type and [La, p. 168]) there exists a prime w 
of F{H^, X^) which divides p and which does not split in I{H^, X^). We also take the 
prime v such that I — p; thus v is unramified over p. Let Fp 1 := F{H^, Xj^)^. As w does 
not split in I{H^, X^) and as H^q^ is unramified, there exists a non-split, absolutely 

simple factor G2 of Hf p ^. The group G2 is unramified and splits over the unramified 
quadratic extension Fp^2 '■= I{H^, X^) ®F(/fad^ad-) Fp^i of Fp^i. We identify Fp^2 = Qp- 
Let Gs be the image of Gpp 1 in 6*2. 

We choose Wq such that Lie(G2 q~) acts non-trivially on it. Thus we have natural 

identifications ^20- = O-Cq^ and G^q- = Sq^- Let //2 be a non-trivial cocharacter of 
^2 0^ = IKg^ that is the image of a cocharacter of CKq which acts on Wq via the trivial and 
the identity characters of G^q-. As Wq has dimension 4n and as n>2, the centralizer 
of /X2 in G2Q- has a derived subgroup of A2n-i Lie type. Based on Theorem 1.1.8, we 
can choose 112 such that it factors through G^ q-. As the centralizer of /X2 in G^ q- has a 
derived subgroup of ^2n-i Lie type, the group Gal(Fp^i) does not fix [112] (this holds even 
if n = 2, as the non-split group G2 splits over Fp^2 = I{H^iX^) ®F{H'^^,X'f) 

The representation of Lie(So'^'^) ^n Wq is a tensor product of irreducible repre- 
sentations that are associated to minuscule weights (cf. Corollary 1.9) and that are either 
symplectic or orthogonal, the mmibcr Ng of symplectic ones being even. As n is either 
odd or 2, 4n is not divisible by 16. From the last two sentences we get that G {1, 2, 3}. 
If A" = 3, then n = 2 and therefore Ns = N = 3; this contradicts the fact that Ns is even. 
Thus A^ G {1,2}. 

We show that the assumption Gs 7^ G2 leads to a contradiction. As n is a prime, 
we have 4n ^ ^ N}. Thus from [Pi, Table 4.2] we get that either A^ 7^ 1 or 

n — 2N = 2 and Sq^ is of Bo, Lie type. We first assume that N — 2. The only way 
to factor An as a product of two even numbers is 2 x 2n. Thus 2 > Ns > 1 and therefore 
Ns = 2. Thus So^ is of Ci -|- Cn Lie type (to be compared with (c)) and therefore 
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each simple factor of G3 is absolutely simple. Each group pair over Fp^i that involves a 
product of absolutely simple, adjoint groups that over Qp arc of some Cm Lie types, has 
the property that its conjugacy class of cocharacters is fixed by Gal(Fp^i). Thus Gal(Fp^i) 
fixes [//2]- Contradiction. If n = 2N = 2, then the same arguments lead to a contradiction: 
we only have to replace the Ci + Cm Lie type with the ^3 Lie type. Therefore G3 = G2 
(i.e., = ^Kg^). Thus the property (*) holds. 

(e) We assume that {H^,X^) is of type. We show that the assumption So 
!Ko leads to a contradiction. The faithful representation IKg^'' ^ GL-Wq is a half spin 
representation. From this and [Pi, Prop. 4.3] we get that Sq^ is of + Bn-m-i Lie 
type, where ni e {0, . . . , n — 1} (the Bq Lie type corresponds to the trivial group). 

Let 3^0 be the simple factor of H^— that is naturally isomorphic to "Kq^. Let be 



the image of Gq- in S^q. We identify naturally 3i = Sff^- There exists an q— submodule 
Wi of Wa ®q Qp such that the ^^(77^ Q-)-modules Wq and Wi are isomorphic and the 
representation of Lie(?'o) on Wq © Wi is the spin representation, cf. Proposition 5.10 (b). 
The iy^Q— modules Wq and Wi are not isomorphic. The representations of Lie(?'i) on 
Wo and Wi are isomorphic to the tensor product of the spin representations of the two 
simple factors of Lie(3^i), cf. [Pi, Prop. 4.3]. As Z^{G^) = Z^{H^-^) (cf. Theorem 

1.3.1) and as the representation of Lie{H^'^—-) on Wq © Wi factors through Lie(5'o) (cf. 
Proposition 5.10 (a)), we get that the Gq— modules Wq and Wi are isomorphic. Thus the 
iif^ Q— modules Wq and Wi are isomorphic, cf. Theorem 1.1.4. Contradiction. Therefore 
So = 3^0. Thus the property (*) holds. □ 



7.2. Theorem. We assume that the following two conditions hold: 

(i) there exists no element j G J such that {Hj,Xj) is of type; 

(ii) for each element j & J the group Gq- surjects onto a simple factor of H. q-. 

Then we have Gg = Hf^^^. 

Proof: We choose v such that: it is unramified over a prime / G N different from p and 
greater than the number N{A) of Theorem 1.3.2 and moreover the ranks of Ty and Gq^ are 
equal. From (ii) and Theorem 1.3.2 we get that the image of Gq- in an arbitrary simple 

factor 9^0 of H^^— has the same rank as 3^q. Let H .j^ he the subgroup oi H .j^ that 

contains Z°(if^ q-) and whose image in H^'^— is the product of the images of G^- in the 

simply factors of H^—. We have G^- ^H.j^^H.j^ and H aw has the same rank as 

^ A,Qp Qp A,Qp ^ A,Qp A,Qp 



Ha,q;- The centralizers of H^^^ and H^^^ in GL^^^^q^ coincide, cf. Theorem 1.1.4. 
From the last two sentences we get that Lie{H^^) = Lie(if^ q-), cf. Lemma 1.1.7. Thus 
A q~ ~ ^A q~ ^^'^ therefore Gq- surjects onto 3^o. This implies that: 

(iii) For each simple factor Hq of H^fi^r, there exists a unique simple factor of G^ 
that surjects (isomorphically) onto 3o- 
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We now start to check that we have an identity Gq^ = H^q^ . Based on the property 
3.1 (c) and on (iii), the identity Gq^ = H^q^ is equivalent to the fact that no simple factor 
of G^ suriects onto two or more simple factors of H^^—. To check this last statement, 
we can assume that (cf. Subsubsections 5.4.1 to 5.4.3 and Subsection 5.2): 

(iv) all simple factors of either H^^— or G^ have the same Lie type £, 

(v) and /a factors through an injective map 

of Shimura pairs for which the properties 5.10 (a) and (b) hold, with (i?^^'*'^'^, X^^'*'^'^) = 
{Hf, Xf) and with /^^^ as a Hodge quasi product x^j/j^^ of injective maps 

ff:{Hf\xf)-^{GS^{W,,^,\S,) 

of Shimura pairs; here j & J and {Hj^^ , Xj'^'*) is such that we can identify (i^f'"^xf )'"'') = 
{Hj.Xj). 

Let iTi be a simple factor of G^. 

^ Qp 

7.2.1. Example. We first treat the following particular case. We assume that all simple 
factors of are non-compact and that all simple factors of {H'^, ^a^) ai'e of type. 

Thus we can also assume that Z^{Ha) = Z(GIj\y) —>Gm,Q, cf. Propositions 5.10 (c) and 

5.4.1. We assume that surjects onto two distinct simple factors 3^q and 3^q of H^—. 

From Proposition 5.10 (a) and (b) we get that there exist four non-isomorphic, simple 
Lie(i?^V)-submodules W'q, W[;, W;, and W'/ of Wa ®q with the property that for 

* G {/, //}, the Lie(5'o)"^<^dules Wq and are simple and associated to the two half spin 
representations of Lie(9^Q). We can assume that these four Lie(iy^'^— )-submodules are 

indexed in such a way that the Lie(3'i)-module Wq and are isomorphic. As Z°(Gq-) = 
Z'°(iy^Q-) = Z'(GL^^^i^^Q-), Wq and W'^ are also isomorphic as Z°(GQ-)-modules. Thus 
the simple Gq— modules Wq and W'^ are isomorphic. Therefore the centralizers of Gq- and 
Hj^Q- in GL^^gi^Q- are distinct and this contradicts Theorem 1.1.4. Thus Gq^ = H^q^. 
We come back to the general case. 

7.2.2. General construction. In order to show that no simple factor of G^ surjects 
onto two or more simple factors of H^f—, we need to have a very good understanding of 

the injective map f^^ and of the action of the torus Z^{H^^) on Wa- Thus next we will 

list some basic properties of f\. Based on Variant 4.9 (b) we can assume that ' is such 

that there exists a totally real number subfield F of Q with the property that each /j^-* 
factors through the composite of two injective maps 

(i?f ,xf ) ^ (iyf ,xf))C(GSp(w„V',),5,) 
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of Shimura pairs for which the following three properties hold. 

(i) The group H^^^'^'^ is the Res^/Q of an absolutely simple, adjoint group over F 



J 

— (2) (3) 

whose extension to Q is of £ Lie type. Moreover the monomorphism Hj gives 
birth to an injective map (^Hj'^^'^'^ , Xj'^^'^'^) ^ ^^j3),ad^ ^j3),ad-j Shimura pairs which is 
obtained as in (1) of Subsubsection 2.2.3. 

(ii) The group Hj'^^''^'^ is the Resi?/Q of an absolutely simple, adjoint group over F 
whose extension to Q is of £4 Lie type. Here £4 is £ if £ = An, is A2n-i if {Hj,Xj) is 
of Cn or type, and is ^2"-i if {Hj,Xj) is of or type. If £ 7^ then the 
monomorphism ifj^''^®^ ^ i/^^^'*^'^'' is a product of [F : Q] monomorphisms associated 
naturally to homomorphisms of the form h-^, where h is as in the property 4.3.1 (c). 
If £ = A„ with n > 2 and if {Hj,Xj) is without involution (thus (iyj3),ad^ ^j3),ad^ 
^^(4),dd^ ^(4),ad^ ^^^^ without involution), then the monomorphism H^^l'^^^ ^ if ^t^''^^^ 
is a diagonal embedding (cf. Subsubsection 4.1.2). If either Z = An and {Hj,Xj) is 
with involution (thus ^ x^^^'^^) and (ifj^^'^*^, xj^^'^*^) are also with involution) or 

£ = ^1, then the monomorphism H^^l'^^^ ^ H^,'^!'^^^ is an isomorphism. 



J 

^(4) 



(iii) The 

^<ip fj is <^ PEL type embedding constructed as in Proposition 4.1. 

The map /i'^ factors through /^^^ := x%jf^^^ : {Hf,xf) ^ {GSp{WA,i^A), Sa). 
From properties (i), (ii), and 7.2 (iii) we easily get that: 

(iv) Two simple factors of either Ue{Hf—) = Lie(if^^^'^) or ®j^jUe{H^^^'^) do 
not map injectively into the same simple factor of Lie(i?^^^'^). 

(v) Two simple factors of Lie(G^) do not map injectively into the same simple 
factor of Lie(-ff^^^*^). Moreover all monomorphisms from a simple factor of Lie(G^) into 
a simple factor Lie(ii'^^^'^), are isomorphisms. 

7.2.3. Notations. Let s and sr be the number of simple factors of h'^^'^^ and H^^^^'^ 
(respectively). Thus s is the number of elements of the set J and = [F : Q]s. 

Let § be the set of extremal vertices of the Dynkin diagram of either Lie(iy^^**^) 

or Lie (if ^'^^'^). The group Gal(Q) acts on S (see Subsection 2.1). Until Subsubsection 

7.2.6 we will assume that 2 ^ Ai; thus £4 Ai. As £4 7^ Ai, we can identify S with the 
Gal(Q)-set HomQ(_ftrs, Q), for K§ a suitable product indexed by j G J of totally imaginary 
quadratic extensions of F. By replacing F with a totally real finite field extension of it, 
we can assume that there exists a totally imaginary quadratic extension K of F such that 
we have Kg, = (cf. Variant 4.9 (b)). The Q-algebra K% acts faithfully on Wa (see the 
proof of Proposition 4.1). Thus we can identify Resxs/QGm,i<rs with a torus of GTiWa- 
All monomorphisms § ^ H^am. that are elements of X^f^ , factor through the extension 
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to ]R of the subgroup of GLwa generated by H^^''^^'^, by Z{GLwa)j by the maximal 
subtorus Tc of 'ResKg/Q'Gm,Ks which over M is compact (cf. the proofs of Proposition 4.1 
and Theorem 4.8 and the definition of Hodge quasi products). 

7.2.4. Proposition. We recall that £, ^ Ai and that is a fixed simple factor of G^. 

MP 

Let Wa ®q Qp = ^uexa'^u be the minimal direct sum decomposition such that the torus 
Z^{Ha)q- acts on Vu via the character u of it. Let be the unique normal, semisimple 

subgroup of H^^h^^ whose adjoint is the product of those simple factors of H^^—- = H^-^l^ 

onto which surjects. Then there exists uq G xa such that 3\fo acts faithfully on Vuo- If 
£ = An, then all irreducible Lie{3^i)-submodules ofVuo are isomorphic. 

Proof: We recaU f^^ is a PEL type embedding, cf. property 7.2.2 (iii) and Fact 2.4.1 (b). 
Thus the Frobenius torus T„ is naturally identified with a torus of a particular type of 
inner form of cf. the choice of v and Subsubsections 5.6.1 to 5.6.3 applied to {A,v) 

(instead of {B,v) of Subsection 5.5). We will use the torus Ty to show that the torus 
Z^{Ha) is small enough so that the Proposition holds; thus based on Fact 5.6.2, to ease 

notations we will assume that this inner form of is trivial and therefore that Ty is 
naturally a torus of As the arguments are long, we will group them in six parts. 

Part I. The torus Ty'^K We check that the centralizer T^^^ of Ty in H^^ is a 
maximal torus of It is well known that T^^^ is a reductive subgroup of H^"* (cf. 

[Bor, Ch. IV, 13.17, Cor. 2 (a)]) of the same rank as H^^\ Thus to check that T^^^ is 

a torus, it suffices to check the following statement: the intersection of T^^- with each 

' ^ vMp 

factor of H^^^-^^'^ that has a simple adjoint, is a torus. All factors of are of £ type and 

A,^p iip 

an if^^''(Qp)-conjugate of q- is a maximal torus of G—. Thus, if £ = A^, then £ = £4 

and the statement can be easily checked over Qp. If £ ^ An, then based on properties 
7.2.2 (i) and (ii) and on the property 7.2 (iii), the statement follows from Fact 4.3.2. Thus 
Ty'^^ is a maximal torus of H^^ . 

Part II. The equivalence relation Jl. Let !Jl be the unique equivalence relation 
on § that has the following property. Two distinct elements Ui and n2 of S are in relation 
Ji if and only if the following two conditions hold: 

(a) they are vertices of Dynkin diagrams of the Lie algebras of two distinct simple 
factors and of H^^^ and there exists a simple factor !J[ of G^ whose Lie algebra 
maps injectively into both Lie{9^Q) and Lie{3^Q); 

.-^ H-(4),ad 

v,<Q 

original vertices or ending vertices of Dynkin diagrams 

We explain the meaning in (b) of "are both either original vertices or ending vertices" . 
As t'^'^I- is a maximal torus of there exist isomorphisms IFq^IFq under which the 

images in IJq and of an a priori fixed maximal torus of the semisimple subgroup of 
Gq- whose adjoint is are canonically identified. Each such isomorphism is uniquely 
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(b) with respect to !J[ and to the image of T^ in ^ , they are both either 



determined up to an automorphism of that fixes a maximal torus of it and thus up 
to an inner automorphism of J'q. Thus 3^q and are naturally identified up to inner 
automorphisms and therefore it makes sense to speak in (b) about "are both either original 
vertices or ending vertices". Based on this and the first part of the property 7.2.2 (v), 
properties (a) and (b) define uniquely an equivalence relation on S. Each equivalence class 

of contains at most one vertex of each Dynkin diagram of a simple factor of Lie{H^'^), 

MP 

cf. the very definition of IR. 

Part III. The Galois invariance of "R. In this Part III we check that the relation 
!Jl is Gal(Q)-invariant. In (a) and (b) (of Part II), the roles of G^- and T^^l- can be 

also played by an if^^'*(Qp)-conjugate of Gq- and by an arbitrary maximal torus of this 

H^\Qp)-conju.g8Lte. But there exists an iy^'^''(Qp)-conjugate of Gq- that contains the 

extension to Qp of the subtorus of Ty of h'^\ Thus not to introduce extra notations, in 
the next paragraph we can assume that the monomorphism Ty •— * H^^ has the property 
that its extension to Q„ factors as a composite monomorphism T ^ ^ ^ H^^]—. 

Let n'l and (resp. n'/ and ) be the two vertices of S that correspond to J^'q (resp. 
to J'o)- We can assume that n'^ and n'/ are original vertices and that n'2 and x\.2 are ending 
vertices in the sense of Part II. The equivalence relation on § is the smallest equivalence 
relation on § that contains all pairs of the form (n^,n") with i G {1,2}. Let T^^i be the 
unique subtorus of q- with the property that Lie(T^; 1) is a Cartan Lie subalgebra of 

Lie(3'i). Let be the unique subtorus of q- with the property that the natural 

homomorphism Ty^i Xq-T^^^ — q- is an isogeny. The torus T^^^ has a trivial image in 

3^1 and thus the image of Lie(T^i) in Lie(5'Q)©Lie(5'Q) is trivial. The Galois group Gal(Q) 

acts naturally on the set of subtori oiT jr- and on the set of simple factors of H^'f'- — Let 

7 e Gal(Q). The torus 7(Tv,i) (resp. 7(T^i)) is a subtorus of q- which has non-trivial 
images (resp. has trivial images) in each one of the two simple factors Lie(7(3'o)) 
Lie(7(3^^;)) of Lie(iy^^^'^). Let 3^[^^ and 3^[^2 be the unique simple factors of G^ whose 

Lie algebras map injectively into Lie(7(9^Q)) and Lie(7(jQ)) (respectively), cf. property 
7.2.2 (v). We show that the assumption that J'^ i 7^ 2 leads to a contradiction. The 
torus 7(Xj';i) has a trivial image in ff'i ^ XQ~9^i,2- Thus the rank of Gq^ (i.e., of either T„ 
or T„ 1 Xq-T^]^) is at least equal to the rank of T^^ '^q~'3^i,2- Therefore the rank 

of T„ 1 is at least equal to the rank of 3^'-^ -^ ^q~'3^i,2- ^^^^ ^ ^^e groups T„,i, S^i^i, and 
J'l 2 have the same ranks as £, we reached a contradiction. Thus 1 = 2- Therefore 
we can define 7(9^i) := 1 = 3^1^2 5 ^ simple factor of G'^ whose Lie algebra maps 

injectively into both Lie(7(5'o)) Lie(7(?'o))- the tori T„ and Ty"^^ are defined over 
Q and as T„ 1 is defined over Q, it is easy to see that the vertices 7(n']^) and 7(n") are both 
original vertices and that the vertices 7(1X3) and 7(1X3) are both ending vertices of §. Thus 
we have (7(^1!), 7(tii))j (7(1^2)) 7(^2)) ^ ^- This implies that the equivalence relation 3? is 
Gal(Q)-invariant. 



55 



The Galois group Gal(Q) acts on the quotient set Si := Let K§^ be the etale 

Q-algebra such that we can identify §i with the Gal(Q)-set HomQ(i^r§^, Q). Let Tc,i be 
the maximal subtorus of Res^g^/QGm.Kg^ which over M is compact. We identify K§-^ with 
a Q-subalgebra of Kg and thus i^§^ is a product of at most s fields. We have Tc,i ^ Tc. 
Let H^^ be the reductive subgroup of H^^ generated by H^^''^^^ , Z{GLwa)i ^c,i- 

Part IV. Cocharacters. We write H^]^^^^ — Y[i=i ^i'^^ ^ ^ product of normal, 
semisimple subgroups that have absolutely simple adjoints. Let Wa ®q K = ©i=i^/^'' 
be the direct sum decomposition into if^^j^-modules such that for all i G {1, . . . , Sk} the 
group f/^^ acts trivially on V^^'' ii i\ G {1, . . . , sr} \ {i} and acts non-trivially on each 
irreducible if j^'^^-submodule of V^^"^ . Let T^^'^ be the direct factor of T^.;^ that is isomorphic 
to SO(2)k = S/Gf„^K and that acts trivially on ©^^^{i,... ,s^}\{i}^i'^^ ■ We identify F^'^^ and 
Tj*-^-* with their images in GL (4). Let Xi G X^2^ C X^^\ Let J^'^^ be the image of the 

i 

restriction of a;4 : S ^ H^^^-^ to the compact subtorus SO(2)m of S in T^'^^ /{F^;'^^ n t'>^^); it 
is equipped with a homomorphism ji : SO(2)k Ji^^ • Let ji^^'^^ : Gm,c and 
^(4), ad . (Q^^^ _^ H^^^^^ be the cocharacters defined naturally by fiA '■ Gm,c Ha,c- 

For q & we consider an embedding Zq- : ^ C that extends the embedding 

lE oi Subsection 1.1. We use ztt- to identity the sets of simple factors of H^'^J.^'^ and H'^^h^. 
By applying the property 3.4.1 (b), we get the existence of a cocharacter : ^mQi ~^ 
G-^ whose extension via is if ''(C) -conjugate to fiA- Based on Subsubsection 5.6.4, 

we can assume that A*^*^- factors through an ii/'^'^''(Qi) -conjugate of q^. As an H^\Qp)- 
conjugate of is a maximal torus of Gq-, we conclude that there exists a cocharacter 

of Gq- whose extension via z^- is if^-* (C)-conjugate to /ia- From this and the second part 
of the property 7.2.2 (v) we get that: 



(c.i) two simple factors of the group pair (H^^^^'^, [fJ-A^'^^]) that correspond to two 
'.e facte 
isomorphic. 



simple factors of Lie{H^p-^) into which the same simple factor of Lie{G^-) injects, are 



From the property (c.i) and the description of the monomorphisms i/^^''^'^'^ ^ 
H^^^'^^^ in the property 7.2.2 (ii), we get that: 

(c.ii) two simple factors of the group pair (i?^j^^'^, [/U^'*''^'^]) that correspond to two 
simple factors of Lie{H^^h^) into which the same simple factor of Lie{G^) injects, are 
isomorphic. 

In properties (c.i) and (c.ii) we can replace {H^f^'^'^, [/^a^"*'**^]) by {H^^'^^, [/i^'*'*'^]) 
(cf. [De2, Prop. 1.2.2]), where * G {3,4}. 
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Part V. Downsizing the torus Z^{Ha)- We show that we can modify X4 (and 
thus imphcitly X^^ and X^^) such that its images in X^ = X^^'^^ and X^^'^^ are the 
same and the composite homomorphism 

in, . . . : SO(2)m - n ^ ft Tt^/i^t^ n T^^) = T,,k/(T,,k[2]) 

i=i i=i 

factors through Tc^i^r/ (Tc^i^]r[2]). Such a modification of X4 is allowed (cf. Proposition 5.4.1 
and the constructions of Subsection 5.2) and it is defined naturally by a replacement of the 
SM-tuple (ji,... with another SR-tuple • • • ,Jsa*), where £1,... ,£sr G {^1,1} 

and where we can have Si — —1 only if F^;^^ is compact (cf. the paragraph after properties 
(a) and (b) of the proof of Proposition 4.1). The homomorphism {ji, . . . ,jsu) factors 
through Tc,i,k/(Tc,i,r[2]) if and only if the following property holds: 

(d) for arbitrary distinct elements i' , i" e {1, . . . , sk} that correspond to factors 3^q 
and as in (a) of Part II, the representations o/SO(2)k on vjf^ and vjh^ defined by ji' 
and ji" (respectively) are such that we have identifications 

0/ SO(2)c = Gm,c-'iTT'Odules, that are defined naturally by (2) and that have the property 
that the representations of F^^"^^ and -P'j^/f ^ on V^j/^"*^ and V^if^^ (respectively) are both via 
original vertices of the Dynkin diagrams of the Lie algebras of F^fj. and -P'/zf ^ (here original 
vertices are in the sense of (b) of Part II, the role of Qp being replaced by the one ofC). 

Based on the property (c.ii) the groups Fjf> and i^^f^ are either both compact or 
both non-compact. It is easy to see that we can choose the Sj's such that (d) holds for all 
pairs {i',i") such that both groups Pj^f^ and pj;^^ are compact. If Pj^f^ and Pj;^^ are both 
non-compact, then from the property (c.ii) and the uniqueness of Ei' and Ei" (they are both 
1) we get that (d) automatically holds for the pair (z', i"). Therefore we can assume that 
(d) holds and thus that the homomorphism (ji, . . . , js^) factors through Tc^i^«,/{Tc^i^m[2]). 

We get that ha factors through the reductive group H^^^ defined at the end of Part III. 
As Ha is a Mumford-Tate group, we get that Z^{Ha) ^ Z"{H^^^). 

Part VI. End of the proof of 7.2.4. Let Wa ©q Qp = ©.^ (5)Vt be the minimal 

direct sum decomposition such that the torus (H^^'^—) acts on each Vf via its character 

t. See proof of Proposition 4.1 for how the torus Res/^g/QGm.Ks (and thus also how its 

subtorus Tc^i) acts on Wa- The direct sum decompositions V-^^^ ©^ C = V^/^"*^ © V^/^'* 

(see (d)) are such that Resj^^/QGrn,KsQ ^^^^ each V^^'^^''^ via a unique character, where 
i G {1, . . . , sr} and u e { — , +} (see (2) of the proof of Proposition 4.1). The upper indices 

-|- and — are such that T^i^c acts on V^"^^'^ and T^lf^'" via the same character if and 
only if u' = u" G {— ,+} and the elements G {!,••• , sr} are as in (d). We get the 

(5) 

existence of two distinct characters ti, t^ G Xa such that acts faithfully on both Vt^ 
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and Vj^and acts trivially on Vtiite Xa \ {ti^h}- As Z^{Ha) is a subtorus of Z^{H^X )^ 
each Qp-vector space (of Proposition 7.2.4) is a direct sum of some of the V^'s. Thus 
we can take the character uq G xa such that we have either Vt^ C V^j„ or V^^ C V^,, . 

We assume that H = A^. Due to the vertices parts of (b) and (d) and to the identity 
£ = £4, the irreducible Lie(3'i)-submodules of V^q are all isomorphic. □ 

7.2.5. End of the proof for £ ^ Ai. From properties 7.2.2 (iii) and (iv) we get that the 
representation of JsTq on V^q is a direct sum of irreducible representations of its factors that 
have absolutely simple adjoints (to be compared with the property 5.7 (a)). Let Lie(IJ'i^o) 
be a simple factor of Lie([N"o). If £ is or Cn with n > 2, then from Proposition 5.10 (a) 
we get that the simple Lie(5'i^o)-submodules of V^,, are all isomorphic. If £ = -D4, then 
each {Hj^ Xj) is of Df type and thus from Proposition 5.10 (b) we get that both half spin 
representations of Lie(?'i,o) are among the simple Lie(?\ro)-submodules of V^g. Let now £ 
be Z)„, with n>5. If has a normal factor that is a Spin2^Q- group, then from the 
property 7.2.4 (c.ii) we get that each simple, adjoint Shimura pair {Hj,Xj) such that the 
intersection fl H. q- (taken inside H^^—) is non-trivial, is of type. Thus is a 

product of Spin2^ Q- groups (cf. property (iv) of Variant 4.9 (a)) and therefore again from 
Proposition 5.10 (b) we get that both half spin representations of Lie(5'i^o) are among the 
simple Lie(!No)-submodules of "^u^- K -'^0 has a normal factor that is an SO^^-^ group, 
then a similar argument shows that each simple, adjoint Shimura pair {Hj,Xj) such that 
the intersection 'N^ fl H. q- (taken inside H^J^—) is non-trivial, is of type, and that 

J^o is a product of S02^ q- groups. Thus the simple Lie(5'i^o)-submodules of V^g are all 
isomorphic to the standard 2n dimensional simple Lie (S^i) -module. 

Regardless of what Z ^ Ai is, based on the previous paragraph we conclude that 
the Lie (U'l) -module V^q is either isotypic or a direct sum of two non-isomorphic, isotypic 
Lie(5'i)-modules. The last situation happens if and only if Xq is a product of Spin2^Q- 
groups. 

Let So be the number of simple factors of I^q^. The Lie monomorphism Lie(?'i) > 
Lie(3\ro'^) is isomorphic to the diagonal embedding Lie(IJ'i^o) ^ Lie(5'i,o)*°- If ^0 is not 
(resp. is) a product of Spin2^Q- groups, then the Lie(3\fo)-modulc V„„ is a direct sum 

of 2so (resp. 4so) non-isomorphic, isotypic Lie(}sro)-modules; thus the ff^Q— module Vuo 
is also a direct sum of 2sq (resp. 4so) non-isomorphic, isotypic iif^ q— modules. But the 
Gq— module V^^^ is a direct sum of 2 (resp. 4) non-isomorphic, isotypic modules, cf. 
the very definition of in Proposition 7.2.4. Based on this and Theorem 1.1.4, we get 
that So = 1. Thus the simple factor 3'i of does not surject onto two or more simple 

factors of H^^—. This proves the Theorem 7.2 for £ ^ Ai. 

7.2.6. End of the proof for 2, — A^. If £ = Ai, then the only modifications required 
to be made in Subsubsections 7.2.3 to 7.2.5 follows. For j G J we have Hf = Hf 
and we have to replace the factor of that corresponds to j by a totally imaginary 
quadratic extension Kj of F obtained as in the case n = 1 of the proof of Proposition 4.1; 
by replacing F with a totally real finite field extension of it (cf. Variant 4.9 (b)), we can 
assume that there exists a totally imaginary quadratic extension Kq of Q such that we have 
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Kj = K := F®qKQ for all j e J. We can identify S with the Gal(Q)-set HomQ(F*, Q). 
We define := . The equivalence class iTi on S is defined this time by the property 
7.2.4 (a) alone. If Si := let be the Q-subalgebra of such that we can identify 
§1 with the Gal(Q)-set HomQ(Fsi, Q). Let K§,^ :— Fg^ ®(Q Kq. Let Tc,i be as in the proof 
of Proposition 7.2.4. The rest of the arguments do not have to be modified. This ends the 
proof of Theorem 7.2 for Z = Ai and thus also for all £. □ 

7.3. Proofs of 1.3.4 and 1.3.6. If for all elements j E J the type of {Hj, Xj) is among 
those listed in Theorem 1.3.4, then the property 7.2 (i) obviously holds and Theorem 
7.1 implies that the property 7.2 (ii) also holds. Thus Gq- — , cf. Theorem 7.2. 
Therefore Gq^ = HA,qp, cf. Theorem 1.3.1. This ends the proof of Theorem 1.3.4. 

To prove Theorem 1.3.6, we can assume that the condition 7.2 (ii) holds (cf. Propo- 
sition 5.4.1 and Subsubsection 5.4.3). The hypothesis of Theorem 1.3.6 implies that the 
conditions 7.2 (i) also holds. Thus Theorem 1.3.6 follows from Theorem 7.2. □ 

7.4. Corollary. Let J4 {j G J\{Hj,Xj) is of either Df orD^ type}. If j G J4 (resp. if 
j & J \ J4) we assume that {Hj, Xj) is of non-inner type (resp. is of one of the types 
listed in Theorem 1.3.4). ^,^^0 assume that there exists a prime q & N such that the 
following two properties hold: 

(i) the simple factors ofYij^j^ Hj,Qq ^'"'^ absolutely simple and pairwise non-isomorphic; 

(ii) for all elements j e J4 the Shimura pair {Hj, Xj) is with Qq-involution. 

Then Conjecture 1.1.1 holds for A. 

Proof: The proof of the Corollary is very much the same as the (d') part of the proof of 
Theorem 7.1 and the proof of Theorem 7.2. We can assume that the set J4 is non-empty, 
cf. Theorem 1.3.4. Based on Theorem 1.1.6 we can assume that p = q. As in the (d') part 
of the proof of Theorem 7.1, based on (ii) and the absolutely simple part of (i) we get that 
for each element j G J4 the group Gq^ surjects onto a simple factor of Hj^q^. 

Similar to the arguments that checked the property 7.2 (iii), based on Theorem 1.1.4 
and Lemma 1.1.7 we argue that Gq- surjects onto each simple factor of 11^6 74 ^j q~- Thus 
surjects onto Hje J4 -^i,Qp7 ^^e pairwise non-isomorphic part of (i). Therefore in 
the proof of Theorem 7.2 we can work only with a Lie type £ 7^ D4 and thus Theorem 7.2 
applies (i.e., we have = H%^^q^). Therefore Gq^ = HA,q^, cf. Theorem 1.3.1. □ 

7.5. The simplest cases not settled by 1.3.4. For the sake of future references we 
list below the "simplest" cases not settled by Theorem 1.3.4 (they involve adjoint groups 
whose ranks are small and of fixed parity). We assume that H'^ is a simple group over 
Q but we do not impose any restriction on either p or Gq^. The image J of Gq- in a 

fixed simple factor of H^— is an adjoint group, cf. property 3.1 (c); let SI be its Lie 

type. In A5 to A9 below, the other possible values for £ allowed by [Pi, Table 4.2] are 
excluded as in Example 4 of Subsubsection 6.2.4. If {H^,X^) is of An type, then let 
{Ho,Xo) := {H^,X^) and let the set € be as in Subsection 6.2. 
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A5 and A7. The Shimura pair {H^, X^) is of A5 (resp. Ar) type and ^ = {1, |} (resp. 

€ is {1} or {1, i}). Wc could theoretically have £ = Ai + A2 (resp. £ = Ai + A3). 

A8. The Shimura pair {H^, ^a^) is of As type and € = {|}. We could theoretically have 
£ = A2+A2. 

A9. The Shimura pair {H^, ^a^) is of Ag type. We could theoretically have either £, — A4 
and C = {§} or £ - Ai + A4 and £ G {{1, i}, {1, §}}. 

All. The Shimura pair {H''^,X^) is of An type. We could theoretically have £ e 
{Ai + A5, Ai + Ai + A2, A2 + A3, A2 + C2}. The Lie types Ai + Ai + A2 and A2 + C2 have 
the same rank; if £ is one of these two types, then € = {1, |}. 

C4 and C6. The Shimura pair {H^, is of C4 (resp. Cg) type. We could theoretically 
have £ = Ai + Ai + Ai (resp. £ = Ai + Dg). 

D4 and D6. The Shimura pair {H'^, X^) is of Df type and Corollary 7.4 does not apply 
(resp. is of inner Dq^ type). We could theoretically have £ = -B3 or £ = i?i + S2 (resp. 
£ = Ci+C3). 

D35. The Shimura pair {Hy^, Xj^) is of Df^ type. We could theoretically have £ = A7. 
The An types with n E {1, 2, 3, 4, 6, 10, 12} are settled by Example 6 of Subsubsection 

6.2.4. 

7.5.1. Remarks, (a) The numerical tests of Subsection 6.2 "work" regardless of what 
q is. However, due to the fact that in Definition 6.1 (c) we arc allowed to choose the 
prime g, there exist large classes of simple, adjoint Shimura pairs of non-special A^ type 
for which the numerical tests of Subsection 6.2 fail. We include one example related to A8 
of Subsection 7.5. We assume that the group H'^ is simple and Hj^q has a simple factor 
C that is the adjoint group of the group of invertible elements of a central division algebra 
over Qp of dimension 81. If J is a subgroup of Cq-, then we have £ 7^ A2 + A2 as otherwise 

3 (and therefore also C) splits over a finite field extension of Qp of degree a divisor of 12 
and thus not divisible by 9. Thus £ = Ag and therefore {H^, ^a^) is of non-special Ag 
type. Similar such examples can be constructed in connection to A7 of Subsection 7.5. 
This remark and Subsections 6.2 and 7.5 motivate the terminology "non-special" used in 
Definition 6.1 (c). 

(b) Let {Hq, Xq) be a simple, adjoint, unitary Shimura pair. If by chance F{Ho, Xo)<8)q 
Qg is an unramified field extension of Q^, then one can re-obtain easily most of the nu- 
merical properties of Subsection 6.2 without being "bothered" to mention Ti in Definition 
6.1 (b) or to appeal to Proposition 5.10. But this does not suffice to get them all (like 
Example 4 of Subsubsection 6.2.4) or to get Theorem 1.3.4 (a). Thus even if we have a 
good understanding of the (assumed to be very simple) arithmetics of the field F{Hq, Xq), 
Theorem 7.2 (and thus implicitly Proposition 5.10) looks to us unavoidable i.e., the proof 
of Theorem 7.2 can not be simplified. However, in practice it is often easy to check that 
the numbers tj of Lemma 6.2.2 do not depend on j G Ji, and accordingly, that the pairs 
{''^j,rm ^j,m) (counted with multiplicities) and defined when f{j){m) = 1, do not depend on 
J G Ji. As in A9 of Subsection 7.5, we might not have a unique possibility for some of t^'s. 

In what follows the abelian motives over a number subfield of C are defined using 
absolute Hodge cycles, see [DM, Sect. 6]. Using realizations in the Betti and etale co- 
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homologies, as for abelian varieties we speak about the Mumford-Tate groups and the 
attached (adjoint) Shimura pairs of their extensions to C and about the Mumford-Tate 
conjecture for them. Theorem 1.3.7 is a particular case of the following more general result. 



7.6. Theorem (the independence property for abeUan motives). We recall that 
in Subsection 1.1 we fixed an embedding ie '■ E ^ C Let {Di)i^i be a finite set of abelian 
motives over the number field E. We assum,e that for each i ^ I, the Mumford-Tate 
conjecture is true for Di and no simple factor of the adjoint Shimura pair attached to 
the extension of Dj to C is of type. Then the Mumford-Tate conjecture is true for 
V := ©,e/D,. 

Proof: We take the abelian variety A over E such that D is an object of the Tannakian 
category of abelian motives over E generated by the i^i-motive Wa = La ®z Q of A. 
By passing to a finite field extension of E, we can choose A such that it has a principal 
polarization Xa (cf. [Mu2, Ch. IV, Sect. 23, Cor. 1]). Let Ha '■ ^ ^ Ha,r be as in 
Subsection 1.3. Let /a : (Ha^Xa) {GSp{Wa,iPa)j Sa) be as in Subsection 1.5. Let 
be the reductive group over Q that is the image of Ha in GIiw-d^ where VFd is the 
rational vector space that is the Betti realization of T>. We have to show that the identity 
component Gd^q^ of the algebraic envelope of the image of the p-adic Galois representation 
attached to D is i^D^Q^. Always Gd.q^ is a subgroup of Hx),Qp: cf. Theorem 1.1.2. Based 
on this and Theorem 1.3.1, we only have to show that H^q^ — ^D^Qp- 

Let H'^^^ and H^^"^ be the commuting normal subgroups of H"^^ such that their 
adjoints are naturally identified with and H^/H^ (respectively). Let H'^ be a 
reductive subgroup of Ha of the same rank as Ha such that (cf. [Ha, Lem. 5.5.3]) the 
R-ranks of H'^^^ and H^ are both 1 and we have H'^^^ = H^^ . Two maximal compact 
tori of Hq''^ are iy^''^(M)-conjugate. This implies that there exists a homomorphism Hb '■ 
S H'q ^ such that the following two properties hold: (i) its composite with the inclusion 
i^ : H'^ ^ •— i> HA,m is ifA(I^)-conjugate to /i^, and (ii) the homomorphisms S = 
H^j^ defined naturally hj hs and hA coincide. We choose Hb such that the smallest 
subgroup Hb of H'^ with the property that Hb factors through Hb,r, is a reductive group 
that has H^'^'^ as its derived group. By replacing E with a finite field extension of it, we can 
chose Hb such that moreover the polarized abelian variety over C defined (see Riemann's 
theorem of [Del, Thm. 4.7]) by the triple (L^, e:?/)^, /i^) is the pull back of a polarized 
abelian variety (S, Xb) over E; here e £ {—1, 1} depends on the connected component of 
Sa to which fA,R o o Hb belongs. 

Let C be the abelian variety over E obtained similarly to B but starting from H^^^ 
(here we might have to replace once more E hy a finite field extension of it). The abelian 
varieties A and B xeC are adjoint-isogenous. For each simple factor Hj of H^ = H'^^ = 
H^^ there is i E I such that Hj is isomorphic to a simple factor of the adjoint group H^ 
defined similarly to H'^ but for 2)^ instead of T). As the Mumford-Tate conjecture holds 
for Dj, the identity component of the algebraic envelope of the image of the p-adic Galois 
representation attached to B surjects naturally onto Hj^q^ . Thus this identity component 
surjects also onto H^q^, cf. Theorem 7.2. From this and Theorem 1.3.1 we get that the 

Mumford-Tate conjecture holds for B. Thus we have H^^^ = H^^^ = G^Qj,- ^ 
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7.6.1. Example. This example is only meant to justify the name "independence prop- 
erty" for Theorems 1.3.7 and 7.6. We assume that End(AQ) = Z; thus the adjoint Shimura 
pair {H^,X^) is simple (see [Pi, Prop. 5.12]). We also assume that (H'^.X^) is of 
-^2n+2 tyP^ ciiid that the group is not absolutely simple. Let /2 : ((t2,-^2) ^ 

(GSp(VFi, •0i), ^i) be an injective map as in Subsections 5.2 and 5.3 (thus (Gl'^jXf'^) = 
{H'^, X^)). We assume that there exists an abelian variety B over E that is the pull 
back of an abelian scheme A2 as in Subsubsection 5.4.2. Let C := A Xe B. We also 
assume that B is such that the adjoint group of the Mumford-Tate group He of Cc is 
Xq GI'^ = xq H^. The identity component of the algebraic envelope of the 
image of the p-adic Galois representation attached to C could theoretically be (without 
contradicting the results of Subsections 1.1.2 to 1.1.9 and of Section 3) a reductive group 
over Qp whose adjoint is isomorphic to H^q^ (and thus it is different from H^^^^). But 
Theorem 1.3.4 (e) implies that this identity component is Hc,Qj,- 

7.7. Concluding remarks, (a) Theorems 1.3.4 and 7.6 extend (this is standard) to 
abelian varieties over finitely generated fields of characteristic 0. 

(b) We assume that End(A-^) = Z and that the adjoint Shimura pair {Hj^, X^) is 
simple of -Df„_|_2 type. Property 4.8 (vi) and the shifting process of Subsection 5.4 allow 
another proof of [Pi, Sect. 7, pp. 230-236] i.e., allow us to get directly the lifting property 
of /-adic Galois representations mentioned in [Pi, Sect. 7, top of p. 230] and due to 
Wintenberger. 

(c) One can not get a general form of [Pi, Thm. 5.14] in the pattern of Theorem 
1.3.4 (c) by using only the ideas of Sections 1 to 7. In z future paper we will present the 
general principle behind loc. cit. that extends significantly loc. cit. and this paper in the 
contexts when for each j & J the group Hj^^ has only one simple, non-compact factor. 

(d) For the left cases of the Mumford-Tate conjecture, one can assume that all simple 
factors of have the same Lie type £ and (if it helps) that properties 5.10 (a), (b), or 
(c) holds (cf. Proposition 5.4.1, Subsubsection 5.4.3, and Theorem 7.2). If £ 7^ D4, then 
we can also assume that the group is Q-simple (cf. Theorem 7.2). 

(e) Corollary 7.4 can be used to strengthen both Theorem 7.6 and (d) for the case 
when £ = D4. 

(f ) Many ideas of this paper can be used for other classes of motives, provided (some 
of) the analogues of [De2, Subsubsects. 2.3.9 to 2.3.13], Theorem 1.1.4, [Sal], and [Zi, 
Thm. 4.4] are known to be true in some form. In connection to Conjecture 1.1.1, the 
results [Dc2, Subsubsects. 2.3.9 to 2.3.13] and [Zi, Thm. 4.4] were neither used nor quoted 
prior to (earlier versions of) this work. 

(g) By combining [An, Thm. 1.5.1 and Cor. 1.5.2] with Theorem 1.3.4, one gets 
a different proof of the result [An, Thm. 1.6.1 3)] that pertains to the Mumford-Tate 
conjecture for hyperkahler varieties over number fields. 

(h) We have a variant of the notion of non-special type (see Definition 6.1 (c)) 
in which the order of quantifiers is changed: there exists an /i such for all /{ and Ti as in 
Definition 6.1 (b), there exist two distinct primes qi, q2 with the property that for all 
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MT pairs {Ti,Gi) and (T2,G'2) for (/i,/(,gi) and (/i,/{,g'2) (respectively), both groups 
and G^'i— have simple factors of Lie type. Presently we do not know if such a 

variant could lead to significant improvements to Theorem 1.3.4 (a). 
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